Dissertation 



The Newtonian Limit of 
Geometrostatics 

Carla Cederbaum 



Summary 



This thesis compares Newton's classical gravitational theory (NG) to Einstein's 
theory of General Relativity (GR). In particular, we study the so-called New- 
tonian limit of General Relativity: the question if and in what sense Newtonian 
Gravity arises as a limit of General Relativity for speeds that are small when 
compared to the speed of light. This question is relevant for consistency reasons 
but there are also practical reasons for its significance. These arise as the New- 
tonian theory of gravitation is still being used for astrophysical, astronomical, 
and technical computations and observations, today. Furthermore, a deeper 
understanding of the Newtonian limit can simplify and improve relativistic 
modeling, numerical simulations, and physical interpretation. 
We analyze the Newtonian limit mathematically in the language of frame 
theory. This theory was introduced in the 1980s by Jiirgen Ehlers |Ehl81j . It 
allows for a uniform description of the Newtonian (coordinate variant) and 
relativistic (coordinate invariant) theories. 

Here, we specifically use Ehlers' frame theory to investigate the Newtonian 
limit of physical properties of a relativistic system like its mass and center of 
mass. Our analysis focuses on static isolated relativistic systems with compact- 
ly supported matter. We introduce the name geometro statics for the study of 
these systems to emphasize the significance of geometry in our approach and 
to discriminate it from the more general field of geometrodynamics. 
By establishing and reinforcing analogies to the Newtonian setting, our 
analysis of the Newtonian limit also deepens our understanding of geo- 
metrostatics itself. Through a conformal transformation, geometrostatics 
is closely connected to pseudo-Newtonian gravity, a theory which proves 
useful for the consideration of the Newtonian limit of geometrostatics. At 
the same time, it allows us to translate many Newtonian concepts into 
geometrostatics. For example, we formulate a Second Pseudo-Newtonian Law 
of Motion, characterize equipotential surfaces, and answer uniqueness que- 
stions concerning geometric and physical properties of geometrostatic systems. 

Using the framework of geometrostatics and pseudo-Newtonian gravity, we 
furthermore introduce new quasi-local definitions and explicit formulas for the 
mass and center of mass of a physical system. We relate these to the asymptotic 
behavior of the geometrostatic variables (cf. e.g. [Bei80l 1KM95]) as well as 
to the established notions of mass and center of mass in General Relativity 
(cf. e.g. |HY96l IBar86j ). The new notions differ from the established ones in 
their local character: they are not only determined asymptotically but can 
be computed exactly in the immediate vicinity of the matter or black holes. 
Thus, they provide a new tool for the analysis of static relativistic systems. 
Simultaneously, they facilitate the proof of convergence of mass and center of 
mass in the Newtonian limit. This proof is presented in the last chapter of this 
thesis. 
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Introduction 



Gravity is one of the four fundamental physical forces in our universe. It gives rise to the 
orbits of the planets around the sun and to many other equally omnipresent phenomena. 
Starting with Isaac Newton in the 18th century, natural philosophers and physicists have 
theorized on and experimented with gravity and its astronomical consequences throughout 
history. Two major gravitational theories have evolved that are still relevant today. One of 
them is the so-called Newtonian theory of gravity or "Newtonian gravity (NG)" for short. 
It builds upon the Newtonian laws of motion and characterizes gravitation as a force field 
acting instantly and at a distance. In modern language, it is often formulated in terms 
of a (Newtonian) potential U that satisfies a Poisson equation AU = AnGp relating it to 
the matter density p via the gravitational constant G on the Euclidean space M 3 . We have 
this formulation of Newtonian gravity at the back of our minds throughout this thesis. 

The other major theory of gravitation that remained important and is moreover still 
vividly researched on today is Albert Einstein's theory of general relativity or "general 
relativity (GR)" for short dating back to the early years of the twentieth century. It takes 
a very different approach eliminating the concept of force altogether and unifying space 
and time into a curved Lorentzian 4-manifold {L A ,g) called spacetime. The "Einstein 
equations" Kic—^Kg = ^r-T then relate the curvatures Ric and R of the Lorentzian 
metric to an "energy-momentum" or "matter tensor field" T, also coupling them via the 
gravitational constant G. In addition, however, another constant called c enters the game, 
c denotes the speed of light; it gave rise to the birth of the theory of (special) relativity in 
the first place and holds responsible for the coupling of space and time in GR. 

In this thesis, we are interested in shedding light on the relationship of these two theories. 
This relationship has been discussed and studied by numerous scientists and philosophers 
and from many different perspectives. Before we turn to its physical and mathematical 
aspects, let us have a quick look at some of its philosophical facets following Jiirgen Ehlers 
in |Ehl81l IEhl86l lEhl89] . First of all, the relationship between the theories NG and GR is 
one of the most important examples of how a "finalized" theory is replaced (or not so?) 
by a more comprehensive one in science. It can thus add to the theory of science debate 
which tries to settle the issue of whether such change comes by revolution or rather occurs 
in small steps. Secondly, and maybe even deeper, the two gravitational theories provide a 
good example for studying the epistemological question whether progress in science can 
at all be made or whether what we as scientists consider to be an "instant of progress" is 
just a "change of taste or opinion" . 

Coming back to the physical aspects of the relationship of NG and GR, it is important 
to realize that many if not most empirical observations and measurements which have 
been designed to test GR have been pursued in weakly coupled relatively isolated systems 
moving slowly with respect to each other. Moreover, predictions and measurement metho- 
dology are often devised and calculated within a Newtonian framework of thought and 
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in a perturbative approach starting with Newtonian concepts and equations. This kind of 
approach in fact implicitly presumes that GR "goes over to NG as c — > oo" . This, however, 
is not a prerequisite but a claim which is intuitively convincing, suggestive, and desirable 
for the purpose of perturbative methods but needs to be proven rigorously. In the last 
thirty years, mathematicians and physicists have put a lot of effort into formalizing and 
proving that these perturbative approaches (which go by the names of "Newtonian limit" 
(c — > oo) and "post-Newtonian expansions" (power series in 1/c 2 or 1/c)) are actually ju- 
stified and that there are reasonable examples for their usefulness (cf. e. g. Alan D. Rendall 
[Ren92aj . Todd Oliynyk |Oli07] , Martin Lottermoser |Lot88j . and Jurgen Ehlers |Lot88] as 
well as references therein). Their arguments rely on a mathematical frame theory devised 
and named after Jurgen Ehlers, cf. [Ehl89j. This frame theory allows to not only formally 
compare Newtonian and relativistic equations or specific components of relevant tensors 
but empowers researchers to phrase questions on convergence of full solutions to those 
equations and therewith formalizes the intuitive idea of "c — > oo" . 

In this thesis, we use the framework provided by Jurgen Ehlers to study the Newtonian 
limit of physical properties like mass and center of mass of given solutions to GR. To the 
best of the author's knowledge, this question has not yet obtained much attention. We 
focus on the special case of static isolated relativistic systems with compactly supported 
matter, a setting which we call "geometrostatic" to underline the geometric approach we 
take and in accordance with the name "geometrodynamics" that GR is frequently given 
when its geometric character is to be emphasized. Static isolated systems model individual 
stellar bodies or groups of stars and black holes that are not changing in time ("static") 
and are not influenced from the outside world ("isolated"). 

Mathematically speaking, staticity is modeled by a special timelike Killing vector field 
in the spacetime while isolatedness is modeled by asymptotic flatness of the relevant ma- 
thematical objects (a Riemannian 3-metric as well as additional geometric quantities). The 
assumption that the matter has compact support is made for two reasons: The first one is 
that many analytical arguments simplify technically in that case and much of literature is 
dedicated to this situation. The second motivation for choosing to consider systems with 
compactly supported matter, only, is that it is intuitively appropriate from a physical 
point of view as one would not expect stars to be infinitely extended. 

In order to prove that the mass and center of mass of a geometrostatic system converge 
to the mass and center of mass of the Newtonian system that constitutes its Newtonian 
limit, we execute a number of steps. First of all, after summarizing and contextualizing 
well-known results on static and isolated relativistic systems and introducing the concept 
of geometrostatic systems in Chapters [T] through [3j we prove in Theorem 3.3.1 that every 
such system possesses a well-defined asymptotic (total) center of mass. This center of 
mass is completely equivalent to other notions of center of mass that have been suggested 
in different contexts e. g. by Gerhard Huisken and Shing-Tung Yau [HY96] . by Richard 
Arnowitt, Stanley Deser, and Charles W. Misner |ADM61] . and by Lan-Hsuan Huang 



[HualOj, cf. Theorem 3.3.3 



Our analysis builds upon earlier results on the asymptotics of static isolated relativistic 
systems, e. g. by Robert Beig and Walter Simon |Bei8 0. BS80b] and by Daniel Kennefick 
and Niall O Murchadha [KM95J and on considerations of the total mass by again Richard 
Arnowitt, Stanley Deser, and Charles W. Misner |ADM61j and by Robert Bartnik |Bar86j . 
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among others. It is formulated by means of weighted Sobolev spaces and relies on the faster 
fall trick 1.4.10 which we prove in Chapter [T} 

Using similar techniques as for the definition of the asymptotic center of mass, we prove 
uniqueness results for the Riemannian 3-metric and the "lapse function" constituting a 



geometrostatic system (cf. Section 3.4). These uniqueness assertions clarify the relationship 



between the 3-metric and the lapse function. They point towards similarities as well as 
towards differences between geometrostatics and static Newtonian gravity. 



In a second step which we pursue in Section 4.1, we recast geometrostatics into a lan- 
guage which is more similar to the Newtonian setting and which we thus call "pseudo- 
Newtonian gravity (pNG)". This recasting happens through a rescaling of the lapse func- 
tion and by the aid of a conformal change of the 3-metric. Although the term "pseudo- 
Newtonian" might be new, the rescaling and conformal change procedure is well-known 
in the literature^ After translating the afore-made definitions and results into pseudo- 
Newtonian gravity, we introduce quasi-local notions of mass and center of mass of a 



pseudo-Newtonian system in Sections |4.2| and |4.3| These notions are closely analogous 
to the Newtonian concepts of mass and center of mass. We prove that they asymptotically 
agree with the asymptotically defined ADM-mass and asymptotic center of mass, cf. Theo- 
rems |4.2.3| and |4.3.5[ Moreover, other than the afore-mentioned asymptotic concepts, the 



pseudo-Newtonian mass and center of mass can be read off in the vicinity of the matter 
just as one would intuitively expect from everyday experience (and from NG). 

In Chapter [5j we continue to pursue the approach of gaining insight into geometrostatics 
and pseudo-Newtonian gravity by analogy to Newtonian gravity. In this spirit, we give a 
simple proof of a static (toy) version of the positive mass theorem originally and much 
more generally proven by Richard Schoen and Shing-Tung Yau |SY79j . Afterwards, we 
define a concept of force acting on a test particle in a geometrostatic system and prove a 



pseudo-Newtonian version of Newton's second law of motion for it. In Section [575] we get 
closer to the heart of Newtonian gravity and present a variational proof of a relativistic 
equivalent ( "surfaces of equilibrium" ) of the well-known Newtonian fact that test particles 
constrained to an equipotential surface do not accelerate. Combining this result with 
an important result by Yvonne Choquet-Bruhat [CBJWJ80] stating that the Einstein 
equations can be reformulated as a well-posed initial value problem, we reprove one of the 
analytical uniqueness results asserted in Chapter [3] from a more geometric and at the same 



time more physical perspective. Finally, in Section 5.4, as a by-product of our improved 
understanding of geometrostatics and of surfaces of equilibrium in particular, we prove 
uniqueness of so-called photon spheres - a construct intimately related to black holes - 
mimicking a proof by Werner Israel |Isr67] where he proves uniqueness of black holes. 

Coming back to our main thesis on the Newtonian limit of mass and center of mass in 
Chapter |6j we first review the foundations of frame theory. Afterwards, we generalize the 
concept of staticity from general relativity to frame theory and present, refine, and adapt 
the concept of Newtonian limit to the context of static isolated systems. The quasi-local 
pseudo-Newtonian notions of mass and center of mass introduced in Chapter [4] then allow 
us to prove the main result of this final chapter: Convergence of mass and center of mass 



under the Newtonian limit, cf. Theorems 6.4. 1| and 6.4.2 respectively. 



1 and I would like to thank Bcrnd Schmidt for suggesting its use to me. 
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1 Mathematical Preliminaries 



Before we begin with a short introduction into general relativity and in particular into 
geometrostatics, we need to introduce some notational conventions and to collect and 
present some results from differential geometry and from geometric analysis which we will 



do in this chapter. In Section 1.1, we fix notations. In Section 1.2, we quickly discuss 



well-known results on submanifold geometry. In Section |1.3[ we would like to remind the 
reader of the concept of Lie derivatives and present a slight generalization of this concept 
as a preparation for our discussion of the Newtonian limit within the framework of Elders' 
frame theory in Chapter |6l Finally, in Section |1.4[ we quote a number of facts on the 



analytic tool of weighted Sobolev spaces and prove a faster fall-off trick. 



1.1 Notation and Conventions 

Geometrically speaking, general relativity is a theory of 4-dimensional Lorentzian mani- 
folds ("spacetimes"). These 4- manifolds are frequently split into a "time direction" and a 
collection of 3-dimensional spacelike hypersurfaces with induced Riemannian metrics, the 
"spatial slices" . This makes it necessary to simultaneously deal with 3- and 4-dimensional 
curvature and connection fields. Moreover, asymptotic flatness conditions that will be in- 
troduced in Chapter [2] make it desirable to allude to connection and curvature fields of 
different metrics like Euclidean and Schwarzschildian ones, simultaneously. Thus, in order 
to notationally distinguish between the curvature tensors and connection fields induced 
from different metrics, we will in all these cases use a label like the dimension of the 
manifold or an individual letter like "E" for "Euclidean" or "S" for "Schwarzschildian" 
attached to all objects from the left. 

To fix notation, assume that (M n , A g) is an n-dimensional pseudo- Riemannian manifold 
with label "A" and that {Xj}j = i v .. in is a local frame for M n . Then let ( g^) stand for the 
matrix { A g{X il Xj)) and { g^) for its inverse matrix representing the induced metric on 
the dual bundle T*M n . We will continuously use { g^) and { A g^) to pull indices up and 
to push them down - but we would like to draw the reader's attention to the fact that we 
will not do so in Section |6.1[ where we discuss Jiirgen Ehlers' frame theory in which the 
position of an index is of physical significance. 

Coming back to notational issues, let {o> J }j=i,..., n denote the dual frame to {Xi} and let 
T be any (s,t)-tensor on M n . We will use the expression T?^"f i as a shorthand standing 
for T(Xi 1J . . . , Xi g , ufl 1 , . . . , uji*). Moreover, if g is Riemannian, we will denote the induced 
norm of a tensor T by \T\ A := (t£;J* r£;;;£ A g jlh . . . A g jtk A g hkl . . . A g i ^) 1 / 2 where we 
have used Einstein's summation convention as we will continue to do throughout the text. 

Coming back to an arbitrary pseudo- Riemannian manifold (M n , A g), we will use the 
symbol A V to refer to the induced Levi-Civita connection. The Christoffel symbols corre- 
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sponding to A V will be denoted as A T k j such that A T^ = co k ( V Xi Xj). If g is Riemannian, 
then dfiA or da a denote the induced area or surface measure on M n . In general, A tr will 
stand for the trace of a tensor with respect to A g, A div will denote the induced diver- 
gence operator acting on vector fields, A grad/ the induced gradient (vector), and A V 2 / 
the Hessian of a real- valued function /. If A g is Riemannian, A Af will denote the Laplacian 
while if it is Lorentzian, we will use the symbol A Of to denote the wave operator acting 
on a real-valued function /. Finally, ^Rm will denote the induced Riemannian curvature 
endomorphism with sign convention such that 

A Rm ijk X l = A V x A V Xj X k - A V x A V Xl X k - A V [Xi>Xj] X k e T(TM), (1.1) 

where [•,•] denotes the Lie bracket on M n , TM will denote the tangent bundle over M 
and T(B) denotes the set of all smooth sections of a bundle B. If, in particular, {X{\ is a 
coordinate frame, this has the coordinate version 

An™ 1 _ AW ApZ | Aps ApZ Aps A-pl /-i r>\ 

lUllijk — L j kji 1 ik j "I" 1 ia 1 ifc 1 JS . \ L - Z ) 



For the i?zccz curvature tensor, we will use the sign convention that 

A Ri Cij = A g kl A g sj A Rm tkl s = - A Rm ikj k (1.3) 



while the scalar curvature is given by ^R = g^ A R\Cij as usual. These curvature tensors 
have special properties in low dimensions which we will exploit in this thesis. For example, 
it is well-known that - in 3 dimensions -, the Ricci tensor determines the Riemannian 
curvature endomorphism through the formula 

3 Rm ijkl = 3 Ricu 3 g jk — 3 Ric ik 3 gji — 3 RiCj 3 g ik + 3 Ric jk 3 gu — - 3 R i^gu 3 gj k — 3 gi k 3 gji), (1-4) 



which will be of great help to us in Sections 5.1 and 5.4 In 2 dimensions, there is a different 



well-known theorem which we will frequently refer to: If we denote the Gaufi- curvature of 
a 2-dimensional Riemannian manifold by K, then 2K = 2 R and the GauB-Bonnet theorem 
tells us that 

Kda = AiT (1.5) 



s 

holds on (topological) 2-spheres £ with intrinsic geometrically induced measure da. 

In this thesis, we will mainly encounter manifolds of dimensions 2 ("surfaces"), 3 ("spa- 
tial slices"), and 4 ("spacetimes"). All appearing manifolds are tacitly assumed to be 
connected. From now on, indices on surfaces will be denoted by upper case Latin letters 
running from 1 to 2, those on 3-dimensional manifolds by lower case Latin letters running 
from 1 to 3, and spacetime indices by lower case Greek letters running from to 3. 

In most of the physics and part of the mathematics literature, the 4-dimensional Lorent- 
zian metric of general relativity is usually denoted by ds 2 . We will stick to this convention, 
here, but use the label "4" on all derived quantities in order to indicate their 4-dimensional 
nature. In particular, we will denote the matrix components of ds 2 by ( 4 g a( g). Lorentzian 
metrics will have signature (—,+,+,-1-). For the consideration of the center of mass in 
Chapter [4] and for the asymptotic considerations in Chapters [2] through |4| we will also 
need the notion of harmonic and wave harmonic coordinates. 
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Definition 1.1.1 (Harmonic Coordinates). Let (M n ,g) be a smooth Riemannian (Lorent- 
zian) manifold. We call a system of coordinates {x 1 } on an open subset U C M n harmonic 
(wave harmonic) if the coordinate functions satisfy the Laplace (wave) equation 9 Ax l = 
(*Qe< = 0) in all of U. 



Sometimes, in particular in Section 6.1, it will be more convenient to use abstract 
index notation (cf. e. g. [R enOSj ) which makes the contra- and covariant type of a given 
tensor explicit. For example, then does not refer to the matrix element of g at position 
but to the metric tensor g understood that it is a (2,0)-tensor a priori. When we are 
using abstract index notation on a pseudo- Riemannian manifold (M n , A g), f will be used to 
denote covariant differentiation, and index (anti-)symmetrization will be indicated through 
(square brackets) parenthesis. We will frequently exchange classical tensorial notation 
referring for example to the metric as g for abstract index notation (calling it gfy) and use 
whichever is better suited. We will however draw the reader's attention to any possible 
source of confusion arising from this. 



1.2 Submanifold Geometry 

As already indicated above, we will frequently be dealing with submanifolds of pseudo- 
Riemannian manifolds in this thesis. They appear both as spacelike slices in (Lorentzian) 
spacetimes and as (2-dimensional) surfaces in these spacelike slices which will help us to 
define and study the center of mass of an isolated gravitational system in Chapters [2] and 
|4j Let us therefore shortly review some concepts and formulae relating curvatures of a 
submanifold to those of the ambient manifold. 

To this end, let (M n+1 , g) be a pseudo- Riemannian manifold hosting an embedded sub- 
manifold E n C M n+1 . Assume that g has signature (a, +, . . . , +) with a G {+, — } and that 
E is spacelike if a = — . Let v denote a g-unit normal vector field for E tacitly assumed 
to point outwards if there is a suitable interpretation of this term as, for example, there 
is in the setting of surfaces embedded into asymptotically flat manifolds as discussed in 
Chapters [2j |3j and|4j Observe that g(u, u) — o~-l and fix the sign of the second fundamental 
form h of E by 

hi j := g( n+1 V Xl u, Xj) = -g( n+1 \7 Xl Xj, u) (1.6) 
on any local frame {_Xj\i=x n of E. From this, we can read off the identity 

n+1 V Xl Xj = n V Xl Xj - a hjj v. (1.7) 

As usual, the "g-trace of h is called the (scalar) mean curvature and is denoted by 

o o 

H = n g IJ hjj. We use the expression h to denote the trace-free part hu := hjj — -Hg u of 
h. Motivated by the fact that round spheres in Euclidean spaces have vanishing trace-free 

o 

part of their second fundamental forms, we call E extrinsically round if it satisfies h = 0. 

The following equations are well-known consequences of the above definitions, cf. e. g. 
[Lee97j . The first one is the Gaufi- equation 

n+1 Rm IJKL = n Rm IJKL - a h IL h JK + a h IK h JL . (1.8) 
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Taking the n-trace of this equation over J and K, we obtain 

n+1 Ric /L - a n+1 Rm(X T , v, v, X L ) = n Ric IL - a Hh IL + a (h 2 ) IL} (1.9) 

with (h 2 )iL '■= hi K Kkl- Again taking the n-trace, this leads to 

n+1 R - 2a n+1 Ric(z/, u) = n R - a H 2 + a\h\ 2 (1.10) 

where we have used the well-known symmetries of the Riemannian curvature tensor. Fur- 
thermore, we have the Codazzi equation 

n+1 g( n+1 Rm(X K ,X I} u) } Xj) = ( n V Xli h) u - ( n V Xl h) KJ . (1.11) 



Moreover, if / : M n+1 — > R is a smooth function and if a = 1, Equation (1.7) leads to 
the helpful equality 



"+*A/ = "A/ + n V 2 j{v, v) + Hu(f). (1.12) 
Foliations and the Global Frobenius Theorem 

In this thesis, submanifolds will frequently combine to a so-called foliation of a manifold 
M n . Following |Lee03j . we understand a (fc-dimensional) foliation of M n to be a collection 
of disjoint, connected, immersed fc-dimensional submanifolds of M n (called the leaves of the 
foliation) whose union is M n and such that in a neighborhood U of each point p G M n , 
there is a smooth chart : U — > M. n with the property that <f>(U) = Uk x U n -k with 
Uk,U n -k open subsets of IR fe ,]R n_ ' c , respectively, and such that each leaf of the foliation 
intersects U in either the empty set or a countable union of /c-dimensional slices of the 
form (f)^ 1 ({x G <p{U) \x l = c l for i — k + 1, . . . , n}) for constants c 1 G K. 

The question of whether a given manifold M n is foliated by submanifolds possessing 
a specific property like e. g. constant mean curvature in the case of hypersurfaces in a 
pseudo- Riemannian manifold plays a central role in the geometric analysis of manifolds. It 
is closely related to the concepts of "tangent distributions" and "integral submanifolds" by 
Frobenius' theorem. Here, a (smooth /c-dimensional) tangent distribution D is a smooth 
subbundle of the tangent bundle TM n . A tangent distribution is called involutive if it 
is closed under the Lie bracket operation or in other words if the Lie bracket of any two 
smooth sections X, Y G T(D) satisfies [X, Y] G r(D). An immersed submanifold S fc C M n 
is called an integral submanifold of a tangent distribution D if D = TS fc . While it is 
straightforward to see that the tangent space of any immersed submanifold is a smooth 
involutive tangent distribution, the converse is the content of a theorem by Ferdinand 
Georg Frobenius. 

Theorem 1.2.1 (Global Frobenius Theorem). Let D be a smooth involutive tangent dis- 
tribution on a smooth manifold M n . Then the collection of all maximal connected integral 
submanifolds of D forms a foliation of M n and D is called integrable. 

We will apply this theorem in Chapter [3] in order to better understand the geometric 



structure of static spacetimes. It will also play a role in Section 6.2 where we study related 
questions in frame theory. 
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1.3 Lie Derivatives, Connections, and Killing Vectors 

As we intend to consider the Newtonian limit of static spacetimes - or in other words 
of spacetimes that are invariant under translation and reflection of time -, we will have 
to adapt the concept of Killing vector fields and thus the idea of Lie derivatives to the 
setting of frame theory, the formal unification of Newtonian gravity and general relativity 
which allows for this limit, cf. Chapter |6j In particular, we need to generalize the well- 
known concept of Lie derivatives of tensor fields to include the possibility of Lie derivating 
connections. Before we present the generalization to connections, let us shortly review the 
concept of Lie derivatives in the conventional setting. Recall that the Lie derivative of a 
vector field Y in direction of another vector field X is defined as 



Z x Y(p) = lim 



t^o t 

where 9 t denotes the flow of X and the asterisk stands for the induced pull-back. Now, 
it is well-known that this notion of Lie derivative of a vector field can be generalized to 
general tensor fields in this straightforward fashion 



£ x T(p) = lim 



0*rp\ rp\ 
Vt 1 \6 t {p) ~ 1 \p 



t^O t 

such that £ X T is a tensor field of the same rank as T. There is a Leibniz rule saying that 

X(T(Y 1 ,...,Y 8 ,u 1 ,...,u t )) = {2 x T)(Y 1 ,...,Y s ,u 1 ,...,u; t ) 

+ T(Y 1 ,...,2 x Y i ,...,Y s ,ou 1 ,...,u t ) (1.13) 



1 = 1, ...s 

+ T(Y 1 ,...,Y s ,u 1 ,...,2 x oj\....J^ 
j=i,...t 



where Yi G T(TM) and w J G T(T*M) are arbitrary fields. 

To put us in a position where we can define Lie derivatives of connections, recall that 
an affine connection V : T(TM) x T(TM) — > T(TM) on a smooth manifold M n is a map 
that is linear over C°°(M) in its first and linear over R in its second argument and that 
satisfies the Leibniz rule 

V x (fY) = fV x Y + X(f)Y 
for any vector fields X, Y G T(TM) and any / G C°°(M). Its torsion field T is defined by 

%(X, Y) = V X Y - VyX - [X, Y\ (1.14) 

for X, Y G T(TM). V is called torsion free or symmetric if its torsion tensor vanishes. In the 
following, we will only consider torsion free connections such as the Levi-Civita connection 
of a pseudo-Riemannian metric or the Cartan connection introduced in Chapter [6j The 
Riemannian curvature endomorphism of a symmetric connection V is consistently defined 
by 

Rm(X, Y, Z) := V X V Y Z - V Y V X Z - V [X>Y ]Z G T(TM) (1.15) 
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for all X,Y,Z E T(TM). Its components are again denoted by Rm^ . Rm is obviously 
antisymmetric in its first two indices and satisfies the first Bianchi identity Rm(X, Y, Z) + 
Rm(Y~, Z, X) + Km(Z, X, Y) = as V is torsion free. Let us now introduce the concept of 
a pull-back of a connection. Let 0* denote the push-forward through the flow 9 of a vector 
field X. 



Theorem and Definition 1.3.1 (Pullback of Connection). The pull-back of a symmetric 
connection V : T{TM) x T(TM) — > Y(TM) along a diffeomorphism 9 : M — >■ M is the 
symmetric connection 9*V given by 



(9*V) X Y := (O* (V<j.x(0JO) (1.16) 

for any X, Y e T(TM). 

Remark. The connection 9* V is well-defined. If we denote the components of V in a frame 
{X t } by I*, then {9*V)% = (9^ (9*)* [((9-%) k t - ((r 1 ),)^] . 



Proof. For fixed X, Y G T(TM), the right hand side of (1.16) clearly is a smooth vector 
field. It depends IR-linearly on X and Y by linearity of the differentials 9* and (9~ 1 )*. 
Moreover, 

(9*V) fX Y = (9-% ((fo9)VeM8*Y)) = f(0*V) x Y 
and by the Leibniz rule for V, 



(9*V) x (fY) = (9- l )*({fo9)VeM8*Y) + (8*X)(f)8*Y) 
= f(PV) x (Y) 

so that 9*V is indeed a connection. From 

(9*V) X Y - (9*V) Y X = (9~% iy dt x(9X) - V e * Y {9*X)) = (r 1 )* [9,X,9,Y] = [X,Y] 

we deduce that 9* V has vanishing torsion. Its coordinate expression is a trivial consequence 
of the above. □ 

It is thus possible to make the following definition. 

Definition 1.3.2 (Lie Derivative of Connection). The Lie derivative of a connection V : 
r(TM) x T(TM) T(TM) along a vector field X with flow (9 t ) is the (2, l)-tensor field 
£xV given by 

W.m 'W- T . (1.17) 
Proposition 1.3.3. The tensor field £^V is "well- defined, symmetric, and satisfies 

£x(VyZ) = (Z x V)(Y,Z) + V ZxY Z + V Y {Z X Z) and (1.18) 
(£*V)(y,Z) = VyV z X + Rm(X,r,Z)-V Vy zX (1.19) 
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Proof. We have seen in the above remark that 0*V is a symmetric connection so that its 
difference from V and hence £jV must be a tensor field as the limit t — > exists by 
smoothness. To prove Equation (1.18), let us argue that 

lim V gt .y(flfrZ)-MVyZ) 
t^o t 

= YimV ett Y(£-xZ) + Vz„ xY Z + Q x (V Y Z) 
= -V Y (Z X Z) - Vz xY Z + £ X (V Y Z) 

where we have used the linearity properties of V and the fact that 8 t *\t=o = idrM- Equation 
(1.19) holds because 



(£ X V)(Y,Z) ^ 2 x (V Y Z)-Vz xY Z-V Y (2 x Z) 

= V X V Y Z - V VyZ X - V ZxY Z - V Y V X Z + V Y V Z X 
= Rm(X, Y, Z) - V W zA + Vy V Z X 

by £ X Y = [X,Y] (recall that V is symmetric). Finally, £xV is symmetric as 



(£xV)(F, Z) - (£ X V)(Z, Y) ^ Rm(X, Y, Z) + Rm(7, Z, X) + Rm(Z, X, Y) Bia = hi 0. □ 

Now recall that a Killing vector field in a pseudo-Riemannian manifold (M, g>) is a vector 
field X satisfying £ x g = 0. It will be important for the generalization of the concept of 
Killing vector fields to the setting of frame theory to be aware of the following fact. 

Proposition 1.3.4. Let (M n ,g) be a pseudo-Riemannian manifold possessing a Killing 
vector field X. Then ifV is the induced Levi-Civita connection, g^ 1 is the induced metric 
on T*M , and Rm, Ric, R are the induced curvature tensors, one finds 

Z xg - 1 = £ X V = £ x Rm = £ x Ric = £ X R = 0. 

Proof. A direct computation gives Q x {ur) = (£x^) — (£x5 , )(w", •) = (£^w)' for every 
u E T(T*M) as X is Killing. Thus, for any u, r e T(T*M) 

{Z x g- l ){u, r) = X(g-\u, r)) - g-\£. x u}, r) - g-\co, £ x r) 
= X{g(J, r»)) - g-^&xu, r) - g-\u, Q x r) 

XKttling 



For the proof of £xV = 0, we make use of the fact that V is the Levi-Civita connection 
of g. As the Riemannian curvature tensor stems from the Levi-Civita connection of a 
pseudo-Riemannian metric, it possesses the additional symmetry g(Rm(Y, Z,W),A) = 
g(Rm(W,A,Y),Z) for any Y, Z, W, A e Y{TM). Thus, by the Killing equation for X, 
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V Levi-Civita 



g(V Y X, Z) + g(V z X, Y) = 0, we deduce 

<7((£xV)(y, F), Z) ^ g(V Y V Y X - V W yX + Rm(X, F, F), Z) 

VLe =Civita ^(VyX, Z)) - 9 (V Y X, Vy Z) - ^(V Vy yX, Z) 

+s(Rm(F,Z,X),F) 

XK = lins -i^^ttT- ^(VyX, VyZ) + iiC^rwry 

+ - V Z VyX, F) + <?( VyX, £y Z) 

-<?(VyX, VzF) - Z(^Zy^Ft) + (?(VyX, V Z F) 



for any F, Z G T(TM), so that symmetry of £xV implies £xV = by polarization. To show 
£vRm = 0, let {Xi\i=\,... t n be a coordinate frame on M n (i. e. satisfying [Xj,Xj] = for 
all i, j = 1, . . . ,n) with X = X\. Such a frame exists by ODE theory, cf. e. g. Proposition 
1.53 in |War83] . Then 

{£ x Bm){Xi, X j} X k ) Leibn i? mle £x(Rm(X i , X h X k )) 

Zxi^iVjXk-VjViXk) 
z x v=o=ix, Xi] ^ x (y jXk )-^ x {ViX k ) 

iterate g 



By the Leibniz rule for Lie derivatives (1.13), Ric and R also have vanishing Lie derivatives 



in direction X. □ 



1.4 Weighted Sobolev Spaces 

In this section, we collect some well-known results on weighted Sobolev spaces defined on 
]R n and subsets thereof. We follow the exposition in |Bar86j , but adapt the results slightly 
so that it fits with our notation and conventions. Although we only apply these results 
in dimension n = 3, we state the theorems for arbitrary n > 3 for convenience of the 
reader. We use the following notation: If R > 0, B R := B R (0) C M. n denotes the closed ball 
of radius R around and E R := W n \ B R denotes the associated (open) exterior region. 
Abusing notation, we will denote lR n \ {0} by Eq and also call it an exterior region. We 
refer to a fixed Cartesian coordinate system (x % )i=i t .„ tn on R n and denote the Cartesian 
radius by r := \x\ := v/ (x 1 ) 2 + • • • + (x n ) 2 . The Euclidean metric on W 1 will be denoted 
by 5 and g will denote an arbitrary smooth Riemannian metric on IR n or subsets thereof. 
Using the weight functions a : IR n \ {0} — >• R : x \— > y/l + r 2 and v\e , we define the 
so-called "weighted Lebesgue" and "weighted Sobolev spaces". 

Definition 1.4.1. Let k G N, 1 < q < oo, and e G R. Let dfis denote the ordinary 
Lebesgue measure on IR n . The weighted Lebesgue space L\ := L|(IR n ) is defined as the 
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space of all measurable functions u G Z^ oc (IR n ) such that the norm 

1/9 

|u||,, 6 := I J \u\ q a~ £q - n d^ 

is finite. Similarly, the weighted Sobolev space W^ ,q := VK*' ? (R n ) is given as the subspace of 
Lj(R n ) consisting of all those functions u : lR n — > R which have weak (partial) derivatives 
of order j < k in L q _j(M. n ). The weighted Sobolev norm on this space is defined as 

k 
j=0 

Similarly, the weighted Lebesgue space on the exterior region Eq = IR n \ {0}, L q := L q (Eo), 
is defined as the space of all measurable functions u G L\ oc {Eq) such that the norm 

1/9 

HI*, E := I / \u\ q r~ £q - n d^ 

is finite. The weighted Sobolev space on the exterior region Eq, W^' q := W^ ,q (Eo), is defined 
as the subspace of L q (Eo) consisting of all those functions u : W 1 — > W which have weak 
(partial) derivatives of order j < k in L q _-{Eo). The weighted Sobolev norm on this space 
is then given by 

k 

\H\l q ,e-=Y.W D]U \\le~y 
3=0 

Observe that the weight function r used on Eq = M. n \ {0} differs from the one used 
on all of M. n , namely from a, but that they are asymptotically identical at infinity. Note 
furthermore that C£°(R n ), C™(E ) are dense in W^ q , W*' q , respectively, and that L q = 
L q (R n ) for e = -n/q. 

The following theorems correspond to Theorem 1.2, Theorem 1.3, Lemma 1.4, Theorem 
1.7, and Corollary 1.9 in |Bar86j . They will help us prove the faster fall-off trick Theorem 
1.4.10 and will be helpful for our center of mass considerations in Chapter [3] 




Theorem 1.4.2. Let n, k G N, n > 2. The following claims hold true: 

1- If 1 ^ Qi < ?2 < oo and E\ > 62, then L q2 2 continuously embeds into L q \ via inclusion. 

2. If 1 < qx, q2, q < 00 satisfy 1/q = l/q\ + 1/^2 and if in addition e — S\ +62, then for 
all u G L qi , v G L qi we have the weighted Holder inequality 

\\uv\\ qj£ < ||«|| 91 , £1 ||f || 32 , E2 . (1.20) 

3. If 1 < q2 < qi < nq 2 /(n — kq 2 ) < 00 and n — kq 2 > 0, then there is a constant C > 
such that any u G W^ m satisfies the weighted Sobolev inequality 

I \ U \ \nq 2 /(n-kq 2 ),e 

<C\\u\\ Kqi>£ (1.21) 

and in fact \u(x)\r~ £ — > as r — )■ 00. 
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4- Let C° consist of all continuous functions u : IR n — > R such that 

||u||c° := sup {a~ 6 (x)\u(x)\} < oo. 

If 1 < 9 < oo and < — n/g < 1, i/iere is a constant C > snc/i £/ia£ /or any 
u G W £ fe ' 9 , we /iat>e 

IMIc° < C\\u\\ k ^ e . 

We will also frequently apply the following multiplication theorem which we quote from 
p. 153 in |KM95j . 

Theorem 1.4.3 (Multiplication Theorem). For all ki, k 2 , k G N, ki + k 2 > k + 3/2, and 
all e > Ei + E2, pointwise multiplication is a continuous bilinear map 

■ : Wj' a (R 3 ) x W^> 2 (m. 3 ) -»■ W*' 2 (R 3 ). 

Before we continue to list facts on weighted Sobolev spaces, we quote the following 
definition from [Bar86j. 

Definition 1.4.4. e G R is said to be an exceptional weight parameter if it is an integer 
which satisfies e ^ —1, —2, . . . ,n — 3; otherwise it is called non- exceptional. We set e := 
max{yU exceptional | fi < e} for any weight parameter £6i 

Observe that £GZ and that precisely all e G Z are exceptional for the case n = 3 which 
will be of most concern to us in geometrostatics. The exceptional values of the weight 
parameter correspond to the orders of growth of harmonic functions in IR n \ B\. The 
following theorem shows the relevance of these exceptional weight parameters. It refers to 
the Laplacian A which is induced from the flat metric 5 and we quote it from |Mc079j. 

Theorem 1.4.5 (Robert McOwen). Suppose that e is non- exceptional, 1 < q < oo and 
k G No- Then the map 

A : W £ k+2 > q ->■ W% 
is a bounded isomorphism with bounded inverse. 



O-notation 

In order to simplify notation, we will use the (9-notation as an abbreviation for a preci- 
se statement in the language of weighted Sobolev spaces when the precise statement is 
straightforward. For example, we say that a smooth function / : M n — > R on an asympto- 
tically flat manifold (M n ,g) with radial coordinate r lies in the class 0(r~ k ) as r — >■ oo if 
there exists a constant C > such that 

\f(p)\<Cr- k 

holds for all p G M n or all p in a specified neighborhood of infinity within M n . In addition, 
we say that / lies in the class 0(r~ k ) with I derivatives if 



d a f G 0(r 



-k—\a\ > 



for all multi-indices a with |a| < I. Compare this to item number 4 in Theorem 1.4.2 
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1.4.1 The Faster Fall-Off Trick 

The above results on differential operators asymptotic to A can and will be used to show 
faster fall-off for the solutions of the static metric equations of general relativity which we 
will do in Chapter |3j To this end, we will now prove a more general faster fall-off trick 
making use of the above results and of the Kelvin transform. We refer the reader to the 
book [ABR92] for an introductory exposition of the Kelvin transform. 

We begin by giving the definition of the Kelvin transform. Let n > 3 in all of this 
section. 

Definition 1.4.6 (Kelvin Transform). Set R n := R n U{oo} where oo is considered as the 
topological one point compactification. For any x G IR n , we set 

{^2 if x ^ 0, oo 
if x = oo • 
oo if x = 

If E C R n , we set E* := {x* \ x G E} C R n and endow both E and E* with the induced 
topology. We define the Kelvin transform of a continuous function u : E — > R to be the 
function K. [u] : E* — > R given by 

K[u] (x) := \x\ 2 - n u{x*)- 

The Kelvin transform is a higher dimensional analog of inversion in a sphere. It is a 
very useful technique for transporting the "point at infinity" of R n to the interior and 
thus makes power series expansions at infinity and related harmonicity questions more 
approachable as we will see in the following lemmata. 

Lemma 1.4.7. The Kelvin transform is a linear transform from C°(E) to C°(E*) that 
preserves uniform convergence on compact subsets of R n \ {0}. /C is its own inverse in 
the sense that K. [/C [it]] = u for all u G C°(E). It maps positive homogeneous functions 
on R n \ {0} of degree k G Z to positive homogeneous functions on R n \ {0} of degree 
2 — n — k. Moreover, it maps harmonic functions on E onto harmonic functions on E* if 
E cR n \ {0} is open. 

Definition 1.4.8. Let E C R n be compact and let u G C°(lR n \ E) be harmonic. We call 
it harmonic at oo provided that /C [u] has a removable singularity at 0, i. e. if there exists 
a harmonic function u G C°((lR n \ E)* U {0}) with it = K, [it] on (R n \ E)*. 

Lemma 1.4.9. Let E G R n be compact. Then a harmonic function u : R n \ E — > R is 
harmonic at infinity if and only if lim^oo u(x) = 0. 

Let us now turn our attention to the faster fall-off trick announced above. For easiness 
of notation, we change the name of weight parameter from e to — r from now on. 

Theorem 1.4.10 (Faster Fall-Off Trick). Let n, k e N , n > 3, 1 < q < oo, r > such 
that —t is non-exceptional, and let f : lR n — > R be a smooth function satisfying 

f G WltH and Af G W k _U- 

Then there is a harmonic polynomial p of degree d < \t\ such that for any radius R > and 
any smooth cut- off function 77 : IR n — > R with support in Er, rj(f—JC [p]) G W l ^ 2,q (IW 1 !^ 2,9 . 
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Remark. The behavior of / is of interest to us only in a neighborhood of infinity, where the 
faster fall-off trick gives us precise fall-off information. We can interpret this informally as 
saying that if / = 0(r~ l+1 ) and Af = 0(r~ 1 ^ 2 ) as r — > oo, then / — /C [p] = 0(r~ l ) as 
r — > oo for all decay orders I G N. 

Proof. Let rj be a smooth cut-off function with support in Er for some R > and without 
loss of generality r? = 1 in E 2R . Set 5 := rjf and /i := Ag so that h G W^_ 2 n C°°(M n ) by 
the assumptions that /, 77 be smooth, 77 = 1 in E 2 r, and A/ G W^_ 2 . Since g = in Br, 
it also holds that h G W^_ 2 . Robert McOwen's result 1.4.5 now tells us that there exists 
a unique solution f h G Wtt 2 ' q satisfying Af h = h in W 1 \ {0} as — r is non-exceptional. 
This means that the two functions fh and g both satisfy the Poisson equation with right 
hand side h on IR n \ {0} and in consequence, g — fh is a harmonic function on Eq = R n \ {0} 
with respect to the flat Laplacian. 

By construction, we find that g 
Theorem 



1.4.2 



W% v f h 



G W^ +1 follows from the first item in 



and thus we also know that g — fh G W^ +1 
cut-off function rj, we obtain a function n(g — f h ) G W k,q 
vid ~ fh) an d thus also g — fh falls off to as r — >■ 00 by the weighted Sobolev inequality 



Cutting g — fh off with the 
r+1 . This helps us seeing that 



(1.21). (g — fh)\E is thus harmonic at 00 by Lemma 1.4.9 and thus its Kelvin transform 
K := fC[(g — fh)\E ] : M n — i- M is harmonic and hence real analytic at 0. We define a 
polynomial p on IR n by 

[a[=0 

and deduce that p is in fact a harmonic^ polynomial of degree d < |~t] . This implies that 
K — p is a harmonic function on IR n . K then splits into 



K{y) = p{y) + ^ 

M=M+i 



d a K(0) y< 



;i.22) 



in a neighborhood i? £ of by harmonic function theory, where the series converges abso- 
lutely and uniformljj^J We can therefore calculate an explicit expression for the harmonic 
function (g — f h — JC \p]) \e _j using the different assertions of Lemma 



nition of the Kelvin transform. For x G E F -\, we obtain: 



1.4.7 



and the defi- 



{g-f h -JC\p])(x) 



JC[(K-p)] (x) 

d a K(0)y a 



/C 



E 



[«l=M+i 



a l 



(x) 



E 

|a| = M+l 
00 

E 

|o| = frl+l 



d a K(0)}C[y a ] (x) 



a l 



d a K(Q) x c 



\x 



n+2\a\-2 



1 cL pp. 22-24 in [ABR92 . 

2 cf. again pp. 22-24 in |ABR92j . 
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This explicit expression now allows us to estimate 

Ito-A-KbDWI < I E yZ+^ifj 

|a| = [¥l+l 1 1 



< £ 



\d a K 

; \X\ 



2-n-\a\ 



a' 

l«l=M+i 



< \d a K{uj\ ■ 1 _ w _ rr1g _ rr i_ 1+H 

l«l=M+i 

for all x E E'e-i as the power series converges absolutely in E £ -i. Similarly, one can show 
by induction that 

\d p {g-f h -K[p]){x)\<C\x\ l - n - 

for all x G £^-1 and all multi-indices /3 with \/3\ < /c + 2. Since by assumption / and r\ 
(and hence g = 77/) are smooth on R n and since g — fh is harmonic and thus smooth on 
W a \ {0}, //i must be smooth on R n \ {0}. This implies that r)(g — — /C [p]) is smooth 
on M n and vanishes in a neighborhood of the origin so that - together with the above 
estimates -, we can deduce that 

v(g - U~ JC\p}) EWlf' q nw k _f' q . 

As fh E W k ^ 2 ' q and thus also r/f h E W 7 ^ 2 ' 9 fl W k ^ 2 ' q by construction, it follows by linearity 
that r)(g—)C \p\) E W k ^ 2,q nW k ^ 2,q . Now g — rjf differs from r\g only in the compact annulus 
Er \ E 2 r where 77, /, and /C[p] are smooth so that rj(g — f) E W k ^ 2 ' q fl W k ^ 2 ' q and hence 
again by linearity r)(f — JC [p]) E W k ^ 2,q fl W k ^ 2,q which proves the theorem. □ 
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In this chapter, we will provide a short introduction into general relativity, focusing on 
isolated systems. It is structured as follows: In Section 2.1 , we introduce the main variables 



and equations. In Section |2.2[ we shortly discuss the initial value formulation of general 
relativity (the so-called Cauchy problem) while in Section 2.3 , we give a short overview over 
boundary conditions insuring isolatedness of the systems under consideration. In Sections 
2.4| and 2.5 we present definitions and a small number of results on the concepts of mass 



and center of mass of isolated systems, respectively. As one of the main goals of this thesis 
is to prove that mass and center of mass converge to Newtonian mass and center of mass 
in the Newtonian limit, these concepts lie at the heart of our considerations. 



2.1 Setting and Notation 

When modeling a relativistic system in GR as a smooth^ spacetime^] (L 4 , ds 2 ), one usually 
has to specify a matter model, cf. e. g. |Ren08| . This matter model is usually defined 
in terms of a matter Lagrangian depending on both the metric ds 2 and the appropriate 
matter fields. One can then derive a symmetric (0, 2)-tensor field T on L 4 by variation of 
the matter Lagrangian. T is called the energy-momentum tensor or stress-energy tensor of 
the system. If V G T p L 4 is a future-pointing timelike unit vector (or an observer) situated 
at the spacetime event p, one can introduce the observed mass density p{p) := T P (V, V)/c 2 , 
where c the speed of light. The observed momentum density is given by J P (X) := —T P (V, X) 
in the spatial direction X G T P L 4 with ds 2 (V,X) = 0, and the observed stress is defined 
as S p (Xi,X 2 ) := T p (X 1 ,X 2 ) in spatial directions Xj G T P L 4 with ds 2 (V,Xi) = 0, i = 1,2. 
The vector P p := (T P (V, •))* can be interpreted as the 4-momentum vector observed by 
V. Note that we have defined p to be a mass and not an energy density as this will be 
more suitable for tackling the Newtonian limit in Chapter |6j 

Besides suitable energy conditions like the weak energy condition T(V, V) > for any 
future-directed causal (timelike or lightlike) vector field V G T(TL A ) that one usually 
expects to hold, the energy-momentum tensor is required to satisfy the equation of motion 
divT = which is designed to assure (differential) energy conservation, cf. e. g. |Wal84l 
ISW77] . Some sorts of matter, for example perfect fluids, will also be required to satisfy 
an appropriate equation of state. We will, however, not focus on specific matter models 
in this thesis as we are mainly interested in the behavior in the vacuum region outside a 
given matter distribution. 

A relativistic spacetime or relativistic system then is formally represented by a triple 

■""We will not discuss the regularity of general dynamical relativistic solutions as we will focus on static 

solutions in this thesis. For these, regularity issues will be discussed in Chapter [3j 
2 We are not assuming any orientability or hyperbolicity conditions on spacetimes, a priori. 
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(L 4 ,ds 2 ,T) consisting of a spacetime (L 4 ,ds 2 = g) and an energy-momentum tensor T 
that satisfy the equation of motion and Einstein's equation 

1 8ttG . , 

Ric--Rs = — T (2.1) 

with c again the speed of light and G the (Newtonian) gravitational constant. Observe that 
Einstein's equation relates the metric ds 2 to the (2, 0)-variant of T. This is of no significance 
in general relativity but will become important when we "unify" general relativity and 
Newtonian gravity in Chapter [6j 



2.2 3+1 Decomposition and Cauchy Problem 

It is often useful (and gives deep insight) to rewrite Einstein's equation as an initial value 



problem ("Cauchy problem"). Yvonne Choquet-Bruhat's famous theorem 2.2.2 essentially 
states that this is possible, and we will apply this theorem in order to prove a uniqueness 
result for the lapse function on page |62j Before we can cite the theorem, we have to 
introduce a few notions which we will now begin with. We follow the approaches taken in 
[Wal84l IHE081 ICBJWJ801 IBar95] . 

First of all, a spacetime is said to be time orientable if it possesses a smooth global 
timelike vector field (which automatically induces a time orientation). In this case, the 
chronal future of q G L 4 is defined via 

I + (q) := {p E L 4 \ There is a smooth timelike future directed curve from q to p.} 

A set S C L 4 is called achronal if it satisfies S fl I + (S) = 0, where I + (S) := U q( zsl + (q). 
Furthermore, the future/past domain of dependence of an achronal set S C L 4 is given by 

D ± (S) := {p E L 4 \ Every past /future inextensible curve through p intersects S.}, 

where a smooth timelike curve k : (sq, Si) — > L 4 is past/future inextensible if and only if it 
has no limit as s — > s /si, respectively. The domain of dependence of S then is the union 
D(S) := D+(S) U D~(S). A closed achronal set S C L 4 which fulfills D(S) = L 4 is called 
a Cauchy surface and indeed can be seen to be a 3-dimensional spatial submanifolcj^Jof L 4 . 
L 4 is said to be globally hyperboli^ if it possesses a Cauchy surface. It can be shown (cf. 
Theorem 8.3.14 in |Wal84] and references therein) that every globally hyperbolic spacetime 
possesses a global time function t (i. e. a function having gradt past directed timelike), 
the level sets of which are smooth Cauchy surfaces. Thus every globally hyperbolic L 4 can 
be foliated by Cauchy surfaces and thus has the differential topology of R x M 3 , where 
M 3 denotes any such Cauchy surface. 

Now let (L 4 , ds 2 ) be a globally hyperbolic spacetime with time function t. We think of 
a point p G L 4 as representing a spacetime incident (t, x) with coordinate representation 



3 As the remainder of this thesis is not severely depending on this section, we will not take regularity 
questions into account. 

4 This definition is unconventional but equivalent to the traditional one, cf. p. 209 in |Wal84] . As we are 
not primarily concerned with the Cauchy problem, this just seems the least cumbersome approach. 
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(t(p),x l (p)) with respect to some coordinate system {x l }i=i,2,3 on an open neighborhood 
of x G M 3 (which is then transported along the integral curves of gradt). Clearly, there 
is a unique future-pointing timelike unit normal vector field v G T(TL 4 ) <is 2 -orthogonal 
to the leaves {t} x M 3 . We can therefore uniquely decompose the coordinate vector field 
d t G r(7X 4 ) into its normal and tangential components, meaning that 

d t = cNv + X 

with N : I x M 3 — > R the lapse function and X : I x M 3 — > TM 3 the shift vector field of 
the foliation. Moreover, ds 2 induces a Riemannian metric 3 g{t) on each of its (spacelike) 
submanifolds {t} x M 3 which we sloppily understand to be a time-dependent metric on 
M 3 . One can then see that ds can be rewritten as 



ds 2 = -c 2 N 2 dt 2 + %j{dx l + X i dt)(dx j + X j dt). 



(2.2) 



In this setting, the second fundamental form h(t) of the slice {t} x M 3 C (/ x M 3 , ds 2 ) with 
respect to the chosen normal is often referred to as its extrinsic curvature (and is usually 
denoted by K in the physics literature). Just as 3 g, h is understood to be a time-dependent 
symmetric (2, 0)-tensor field on M 3 . It is straight forward from the definition of h that 



L 3 g = 2h. 



(2.3) 



Besides the Gaufi- and Codazzi equations (1.8) through (1.11), there is another subma- 
nifold equation induced by the decomposition of the normal v. It is called the Mainardi 
identity and read^j 



ds z CRm(X h v, v) , Xj) = (1/N) d V| 7 -iV + h 



(2.4) 



on any frame {Xj}j = i i2 ,3 of M 3 . As a consequence of these submanifold equations, the 
Einstein tensor Q := 4 Ric — | 4 Rcfe 2 can be decomposed into its normal and mixed parts 



20(i/, v) 



3 R + H 2 - \h\ 
3 V- h j - H ■ 



(2.5) 
(2.6) 



while the remaining information leads to 



C v h — Q — 



— - 3 g - 3 Ric + 2h 2 -Hh + 



(2.7) 



If combined with Einstein's equation (2.1), equations (2.5) and (2.6) lead to constraints 
on the geometry of the spatial hypersurface M 3 , the so-called energy or Hamiltonian and 
momentum constraints 



'R + H 2 



\h 



16ttG 



8ttG 



T(is,is) 



T(u,di 



(2.8) 
(2.9) 



3 Recall that the label 4 corresponds to fields derived from ds 2 = A g. 
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2.2 3+1 Decomposition and Cauchy Problem 



Equations (2.1) and (2.7) lead to the dynamical equation 

3 V 2 iV 8ttG 4 trT 
C v h = - 3 Ric + 2h 2 -Hh + + —(T\ TM3xTM s - — 3 g). (2.10) 

Before we proceed to the initial value formulation of Einstein's equation, we wish to put 
down explicitly its 3+1 version using the timelike unit normal v as an observer, i. e. the 
3+1 decomposed Einstein equations 



^R + H 2 - \h 



16vrGp 



2 

3 " C 2 



%h>-H 4 = (2.11) 



Following Yvonne Choquet-Bruhat (and James W. York, Jr. in [CBJWJ80J), we will 



now proceed to reformulate Einstein's equation (2.1) as an initial value problem^} To this 
end, let an initial data set be a triple (M 3 , 3 g, h) with (M 3 , 3 g) a 3-dimensional Riemannian 
manifold and h a symmetric (2, 0)-tensor field on M 3 , satisfying the constraint equations 



( 2.8[ ) and (2.9) in vacuum. A development of an initial data set (M 3 , 3 g, h) then is a triple 



(L 4 ,ds 2 ,A) consisting of a spacetime (L 4 ,gLs 2 ) satisfying the vacuum Einstein equation 
(2.1) and an isometric embedding A : (M 3 , 3 g) — >■ (L 4 ,ds 2 ) being such that the induced 



second fundamental form of A(M 3 ) agrees with the push-forward of h under A. A develop- 
ment (L 4 ,ds 2 , A) is called a globally hyperbolic development if A(M 3 ) is a Cauchy surface 
in (L 4 , ds 2 ) (which then automatically implies that (L 4 , ds 2 ) is a globally hyperbolic space- 
time). 

A development (L 4 , ds 2 , A) of an initial data set (M 3 , 3 g, h) is said to be an extension of a 
development (L^,ds 2 , A) if (L 4 , ds 2 ) can be isometrically embedded into (L ,ds 2 ) through 
a time-orientation preserving diffeomorphism D satisfying D o A = A or in sloppy terms 
"with (M 3 , 3 g) sitting inside (L 4 , ds 2 ) in the same way as inside (L , ds 2 ) when compared 
via D" . Two developments are considered identical if they are extensions of each other and 
a globally hyperbolic development is considered maximal if it extends any other globally 
hyperbolic development. The following theorems answer the question of well-posedness of 
the Einsteinian Initial Value Problem (the Cauchy problem) in the affirmative. 



Theorem 2.2.1 (Yvonne Choquet-Bruhat). Let (M 3 , 3 g, h) be an initial data set for which 
there are two developments T>i = (Lf,ds 2 ,Ai) (i = 1,2) (not necessarily globally hyperbo- 
lic). Then there is a globally hyperbolic development (L A ,ds 2 ,A) which is extended by both 
developments T>\ 1 T>2- 

Theorem 2.2.2 (Yvonne Choquet-Bruhat & Robert Geroch). Every initial data set ad- 
mits a maximal globally hyperbolic development. This maximal globally hyperbolic develop- 
ment is unique up to isometry. 

6 We follow the exposition in |Rin09] . 
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Remarks. There also exist versions of both of these theorems where initial data sets and 
developments need not be vacuum but satisfy the constraints and Einstein equations with 
respect to some matter tensor, respectively. In this thesis, we are only going to apply the 
first of these theorems (in vacuum) to prove a uniqueness property of static systems in 
Section 5J3 and therefore prefer not to discuss to any detail what conditions the chosen 
matter model must obey in order for these theorems to be true also in the presence of 
matter. Details can be found e. g. in |CBJW J80, Wal84j and references cited therein. 



2.3 Asymptotically Flat Ends and Their Properties 

So far, we have not explicitly discussed boundary data or asymptotics of the Lorentzian 
metric of a spacetime. We will do so now. In this thesis, we focus on isolated systems 
- spacetimes modeling stars or black holes that do not interact with other systems and 
cannot be reached by intruding gravitational waves, either. Isolated systems are mathe- 
matically modeled by so-called asymptotically flat Lorentzian manifolds, i. e. by specifying 
the fall-off of the metric on the boundary "at spatial infinity" . 

More concretely, we assume that for a decomposed spacetime (L A ,ds 2 ) with time func- 
tion t, each of the diffeomorphic time slices M 3 = {t = const} can be decomposed into a 
(possibly empty) compact interior K C M 3 and a finite number of ends, i. e. unbounded 
components of M 3 \ K in which both 3 g(t) and h(t) satisfy certain fall-off conditions "at 
spatial infinity" which we will describe below. 

As we will see in Chapter [3j static spacetimes can be decomposed canonically such that 
the second fundamental forms h(t) vanish for all times t. We will therefore only discuss 
the asymptotics of 3 g(t) in more detail. Moreover, although we will only need and apply 
the asymptotic flatness conditions in dimension n = 3, we will state them for arbitrary 
n > 3 for convenience of the reader. 

Let (M n ,g) now be a Riemannian manifold that can be decomposed into a compact 
K C M n and a finite number of unbounded ends. In order to ensure isolatedness, we 
require these ends to be asymptotically flat in the sense that they are each diffeomorphic 
to M. n \ B for some closed balls B and such that the pushed forward metrics in these ends 
behave as those of the flat (Euclidean) metric on IR n \ B plus error terms which decay 
as (D(r~ l ) as r — > oo, combined with suitable decay conditions on the derivatives; for a 
more precise definition please see below. As above, r is the radial coordinate r := \x\ := 

(x 1 ) 2 + ■ • • + (x n ) 2 associated to the system of asymptotically flat coordinates given by 
the chosen diffeomorphism in the given end. 



We remind the reader of the following notation introduced in Section 1.4 If R > 0, 
B R := B R (0) C lR n denotes the closed ball of radius R around and E R := W 1 \B R 
denotes the associated (open) exterior region. Following Robert Bartnik |Bar86] and Daniel 
Kennefick and Niall 6 Murchadha [KM950 we make the following more precise definition. 



7 Other than these authors, we allow the manifold to have several ends. We require the metric to be 
smooth as this will be the case anyway when we consider static systems later on. This allows us to 
drop the g 6 W,J? condition stated in |Bar86j . Moreover, we include orders k > 1 for later ease of 
formulation, where for k > 2, we extend Robert Bartnik's condition to suitable q < 3. 
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Definition 2.3.1. Let n, k e N, n > 3, 1 < q < oo, and r > be such that W^(E R ) <-> 
W^(Er) for some q > n and all R > 1. A smooth Riemannian manifold (E n ,g) is then 
called a (fc, q, r) -asymptotically flat end if it carries a structure of infinity of type (k, q, r), 
i. e. if there is a radius R > 1 and a smooth diffeomorphism $ : i? n — > E R such that 

(i) there exists // > 1 such that /i _1 |C| 2 < ($*#)U6,6) < /i|£| 2 for all i 6 £ A ( e R" 
(uniform positive definiteness and uniform boundedness of and 

(ii) - % G W*^) for i, j = 1, . . . , n 
(asymptotic decay of order k and decay rate r). 

We will call (E n ,g) an asymptotically flat end for short if k,q,r are either clear from 
context or arbitrary. A smooth connected Riemannian manifold (M n ,g) is then called 
(k , q , r) - asymptotically flat if there is a (possibly empty) compact K C M n such that 
M n \ is a disjoint union of finitely many (k, q, r)-asymptotically flat ends. In particular, 
asymptotically flat ends are asymptotically flat manifolds in their own right. However, if 
K is non-empty, we additionally assume that (M n , g) is geodesically complete. Observe 
that the diffeomorphsims $ define the announced coordinates at infinity (in the end E n ) 
or asymptotically flat coordinates for g (also in the end E n ). 

Moreover, we say that a sequence of points {^}; e N C M n tends to infinity as / — > oo 
if it is ultimately contained in one of the ends of M n and if r($(pz)) — > oo holds there. 
Conversely, a subset S C M n will be called bounded away from infinity if there is a constant 
C > such that \Q(Sr\E n )\ < C for all ends E n of M n and corresponding diffeomorphisms 
$. Finally, S will be called a standardized compact interior if it is relatively compact with 
respect to M n , contains K, and if for each standardized exterior E n \ S of (M n , g) there is 
a radius R± > R such that $~ 1 (i?ij 1 ) = £' n \ S. A standardized compact interior is called 
non-trivial if R\ > R for at least one standardized exterior. 

We will frequently replace a given compact interior K by one of its standardized compact 
interiors when we are not interested in the behavior of the metric in a neighborhood of K . 
The notion of standardized compact interior then ensures that the standardized exteriors 
(E n \ S, ^\e u \s) again qualify as asymptotically flat ends so that with the notion of a 
standardized exterior we can formalize the idea of an "end of an end" having certain 
properties. In Sections 3^, 3A 3]3]we will see that static asymptotically flat solutions of 



the Einstein equations in fact automatically possess better fall-off properties. 

Remark. There also exist other notions of asymptotic flatness in the literature, for exam- 
ple the so-called Regge-Teitelboim conditions and asymptotic Schwarzschildian behavior, 



cf. e. g. |KM95j . |HualO] as well as Section 3.3 Other approaches to define asymptotic 



flatness include methods of conformal compactification, an approach initiated by Robert 
Geroch in |Ger72j , cf . e. g. Abhay Ashtekar and Rolf Hansen's paper [AH78J • 

Before we continue by introducing the notions of mass and center of mass of asym- 
ptotically flat manifolds, we need to shortly discuss specific geometric coordinate systems 
available on and useful for our study of asymptotically flat ends. They are called "harmonic 
coordinates" . The following existence theorem for asymptotically flat harmonic coordina- 
tes has been established by Niall Murchadha |Mur86] and Robert Bartnik |Bar86] . 
independently. We quote it from |Bar86j . here, adapting the statement to our notation. 
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Theorem 2.3.2 (Niall 6 Murchadha, Robert Bartnik). Let (M n , g) be a (k, q, ^-asympto- 
tically flat manifold with one end E n . Let the structure of infinity of E n be denoted by 
$ : E n — > Er, let (x l = $ J ) be the associated asymptotically flat coordinates, and fix 
1 < 7] < 2. Then there are functions y l G L^(M n ), i = 1, . . . ,n, such that 9 Ay l = and 

x % — y % G W x ^' q . If(M n ,g) is geodesically complete, these harmonic coordinates are unique 
up to a Euclidean motion at infinity in the sense that for any other global harmonic and 
asymptotically flat system of coordinates (z l ) there exist a vector b G R 3 and an orthogonal 
matrix O G 0(M n ) such that 

z * = oy + b\ 



2.4 Mass and Energy 

Starting from the famous formula E = mc 2 discovered by Albert Einstein in his (special) 
theory of relativity [Ein05j, "mass" m and "energy" E are usually treated as interchange- 
able concepts in the general theory of relativity (where the speed of light c is usually set to 
1 by the choice of units). This is, however, interfering with our attempt of understanding 
the behavior of physical properties under the Newtonian limit (c — > oo) as the coupling of 
energy and mass will certainly not persist in this limit. We therefore do not interchange- 
ably use these terms but restrict our attention to the mass of a system. As we shall see in 
Chapter [6j the (suitably defined) mass will have a finite Newtonian limit which obviously 
implies that the Einsteinian energy E diverges. 

In contrast to Newtonian gravity, where local (and thus also global) mass can straight- 
forwardly be defined as 

m(Q) = pdV (2.12) 



in a region Q C IR 3 with (Newtonian) mass density p, it is not very well understood how to 
define how much mass/energy exists in a given region Q C M 3 of a spatial slice in general 
relativity. This difficulty is due to the existence of vacuum spacetimes (which in particular 



satisfy p = 0) with positive total mass implying invalidity of (2.12) even globally: a 
relativistic phenomenon usually explained by the existence of extra "gravitational energy" 
and intimately related to the existence of gravitational waves and/or black holes. 

As an attempt to circumvent this problem of local mass in general relativity, several 
concepts of "quasi- local mass" have been proposed, for example by Robert Bartnik |Bar89j , 
Robert Geroch |Ger73j . Gerhard Huisken |Hui09] . Arthur Komar [Kom63j, Roger Penrose 
and Wolfgang Rindler |PR84l IPR86] , and Stephen Hawking |Haw68] - some of them only 
for spacetimes with certain symmetries -, cf. [Sz a09] for a review. The adjective "quasi- 
local" indicates that a mass/energy is assigned to the 2-surface enclosing a region instead 
of to the region itself as one would classically expect. 

When defining such a quasi-local mass, one has to make sure that it converges to the 
"total mass" (ADM-mass) of the system along a suitably chosen sequence of 2-surfaces. 
Demetrios Christodoulou and Shing-Tung Yau |CY88] and Robert Bartnik [Bar02j pro- 
posed lists of additional properties a quasi-local notion of mass should possess. We will 



come back to these in Section 4.2, where we will describe a new notion of quasi-local mass 
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for static spacetimes. This notion is inspired by a Newtonian construction and will be of 
central importance for our study of the Newtonian limit of mass. Let us now recall the 
notion of "total mass" of asymptotically flat manifolds, the so-called "ADM-mass" . 

ADM-Mass 

In 1961, Richard Arnowitt, Stanley Deser, and Charles W. Misner |ADM61j have sug- 
gested a notion of total mass of asymptotically flat manifolds. This notion is nowadays 
referred to as the ADM-mass. It is closely related to the Hamiltonian formulation of ge- 
neral relativity where it appears as the surface or flux integral "at infinity" corresponding 
to a divergence term appearing in the variation^] Robert Bartnik |Bar 86j. Piotr Chrusciel 
|Chr88] , and Niall O Murchadha |Mur86j have shown that the ADM-mass is a well-defined 
and geometrically invariant property of the Riemannian 3-metric on an asymptotically flat 
slice. Their proofs rely on the use of asymptotically flat harmonic coordinates. We refer 
the reader to John M. Lee and Thomas H. Parker's survey article |LP87] for an overview 
and a list of references on asymptotically flat manifolds and their masses. The ADM-mass 
is defined as follows. 

Definition 2.4.1 (Formal). The ADM-mass of an asymptotically flat end (E n ,g) is for- 
mally defined as 

c 2 f 3 

m ADM (E n , g) := —— lim / } (g U j - g ij t ) v 3 da, 

s n-l i=l 

where S™~ 1 are coordinate spheres in a given system of asymptotically flat coordinates for 
g, indices are pulled down with the flat metric in this system of coordinates, and v and a 
are the normal vector to and surface element of S™~ 1 w. r. t. this flat background metric. 

We cite the following theorem from p. 682 in [Bar86] . Variants of it can be found in 
[Chr88llMur86] . 

Theorem 2.4.2 (Robert Bartnik). Let rj > 0, k > 2, and q > n. Suppose that a complete 
Riemannian manifold (M n ,g) has a structure of infinity $ : M n \K — > En of type (k,q,rj) 
for some R > 1 and K C M n compact, and suppose that the Ricci tensor of (M n ,g) 
satisfies 

Ric G L q _ 2 _ T (M n ) for some non- exceptional t > n. 
Then ifr > (n — 2)/2, the ADM-mass exists and is unique. Moreover, it is zero ifr > n — 2. 

Remarks. In our setting, the metric is always going to be smooth (as a direct consequence 
of being static and solving the Einstein equations). The condition on the Ricci tensor 
therefore reduces to a pure fall-off condition. Moreover, although the theorem is only stated 
for manifolds with one end, it can be straightforwardly generalized to include complete 
asymptotically flat manifolds with a finite number of ends. The statement of the theorem 
then holds true in each end, individually. 

8 cf. [ADM61llEar86l . 
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In simple terms, Theorem 2.4.2 states that the ADM-mass is a geometric quantity. 
Observe that this is a necessary requirement for a concept of mass as the mass of an 
object should not depend on the observer (at infinity). From now on, we will therefore 
assume that all asymptotically flat manifolds fall off at least as fast as required by Theorem 



2.4.2 Besides being a geometric quantity (or differently put "being generally covariant"), 
one of the most important other physical requirements of a concept of total mass is that 
it is non-negative. This has been proven by Richard M. Schoen and Shing-Tung Yau in 
[SY79] in the "positive mass theorem"^] 

Theorem 2.4.3 (Richard M. Schoen and Shing-Tung Yau). If(M 3 ,g) is an asymptotically 
flat Riemannian 3-manifold with non-negative scalar curvature, then the mass of each end 
is non-negative. If the manifold is geodesically complete and if the mass is zero in one end, 
then (M 3 ,g) is isometric to flat space (M. 3 ,5). 

The positive mass theorem has been proved under many different sets of additional 
assumptions, cf. [SY79J and |Bek75j for an exposition. In particular, Piotr Chrusciel and 
Gregory Galloway [CG04J proved a stationary version with a technique very different from 
the original one by Richard M. Schoen and Shing-Tung Yau. To the author's knowledge, 
however, there is as yet no specific proof for the static realm. We will prove such a static 



version of the positive mass theorem in Section |5.1| using again a different method which 
relies on the quasi-local concept of pseudo- Newtonian mass introduced in Chapter |4} This 
pseudo-Newtonian mass agrees with the ADM-mass at infinity and will also be useful to 
study the Newtonian limit of mass. It will help us to prove that the Newtonian limit of 
mass is the mass of the Newtonian limit along any family of static relativistic systems 



which has a Newtonian limit, cf. Theorem 6.4.1 



2.5 The Center of Mass 

Asymptotically flat manifolds model isolated systems like stars or galaxies. Therefore, if 
they have non-vanishing mass, one would expect that they can also be attributed a "center 
of gravity" or differently said a "center of mass (CoM)". Intuitively, one might expect that 
this center corresponds to a point in the manifold (at least in case the manifold is geode- 
sically complete and thus does not haphazardly miss this point). However, asymptotically 
flat manifolds can contain black holes and can moreover display a very involved topology 
in their interiors even if no black holes are present. In addition, they can possess multiple 
ends with different ADM-masses. 

It thus seems more adequate to define individual centers of mass for each of the ends of 
an asymptotically flat manifold and to formulate these centers in terms of asymptotically 
flat coordinates instead of defining them as points in the manifold. Differently put, the 
center of mass of an end E then does not lie in the manifold itself but in the linear space 
IR 3 which extends the image $>(E) = Er of the coordinate diffeomorphism $ : E — > Er 
mapping the end to an exterior domain Er cK 3 . It will therefore depend on the specific 

9 We cite the positive mass theorem from |Hui98) . where we have added the implicit assumption of 
geodesic completeness explicitly. As we are not going to apply the theorem, we do not specify exact 
fall-off conditions. 



26 



2.5 The Center of Mass 



system of coordinates chosen. Alternatively, one can interpret the center of mass as a point 
in the afhne space corresponding to the tangent space to M 3 at the point at infinity. 

Several definitions for such a center of mass have been put forward, namely (possibly 
among others) by Tullio Regge and Claudio Teitelboim |RT74j . by Gerhard Huisken and 
Shing-Tung Yau [HY96J with a generalization by Jan Metzger |Met07] , and by Lan-Hsuan 
Huang |Hua08j . Some of these centers of mass are defined for general asymptotically flat 
ends while others are only coined for asymptotically flat solutions of the vacuum Einstein 
constraint, see below. We will give a very short overview over these definitions and their 
interrelations and would like to refer the interested reader to the references cited above and 
to the overview article |CPllj by Justin Corvino and Daniel Pollack for more information. 



The different concepts of center of mass are devised as follows 10 

In analogy to the definition of the ADM-mass, Tullio Regge and Claudio Teitelboim 
define an ADM center of mass with the help of a surface integral "at infinity" . 

Definition 2.5.1 (Formal). The ADM center of mass zadm{E 3 , g) € IR 3 of an asymptoti- 
cally flat end (E 3 ,g) with non- vanishing ADM-mass m is formally defined in components 
as 



da 



where S% are coordinate spheres in a given system of asymptotically flat coordinates for g. 
Indices are pushed up and pulled down with the flat "background" metric in this system of 
coordinates, and v and a are the normal vector to and surface element of S% with respect 
to this background metric. 

Observe that, just as for the ADM-mass, it is not a priori obvious that the above 
definition is a geometric quantity, i. e. independent of the chosen system of asymptotically 
flat coordinates. Neither is it obvious how fast the asymptotic decay has to be in order 
that the integral expression in the definition converges as r — > oo. This issue is settled for 
solutions of the vacuum Hamiltonian constraint having a specific kind of fall-off. 

Proposition 2.5.2 (Tullio Regge and Claudio Teitelboim). Suppose (E 3 ,g, h) is an asym- 



ptotically flat solution of the vacuum Hamiltonian constraint (2.8) with positive ADM-mass 
m which satisfies the Regge- Teitelboim conditions 

< I < 2 
< I < 1 

(2.13) 

< I < 2 
< / < 1 



&9ij 


= 0(r- l - T ) 


with 


d l gf = 


0(r- l - l - T ) 


with 


d l hij = 


0(r- l - l - T ) 


with 


Ql h even = 


0(r- 2 - l - T ) 


with 



10 We cite these definitions from |Hua081 IHualOl ICP111 ICW081 IHY96] . The definitions are given in di- 
mension 3 only, as some of them assume that the metric satisfies the 3-dimensional vacuum Einstein 
constraints and others rely on the Gaufi-Bonnet and 2-dimensional Sobolev embedding theorems. Mo- 
reover, we have introduced the constants c (speed of light) and G (gravitational constant) for later 
convenience; in the quoted references, they are set to 1 by choice of units as usual in the literature. 
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for some r E (1/2, 1], where f odd and f even denote the odd and even parts f odd (x) = 
f(x) — f(—x) and f even (x) = f(x) + f(—x) of a given function f , respectively. Then 



zadm{E 3 , g) G M. 3 given by Definition 2.5.1 is well-defined. 



In the static setting in focus in this thesis, we have h = and the vacuum Hamiltonian 



constraint (2.8) reduces to R = for the 3-metric g. Moreover, we will recall in Section 



3.2 that asymptotically flat static metrics automatically possess better (asymptotically 



Schwarzschildiar 11 ) fall-off behavior, a well-known result in static general relativity first 



proven by Daniel Kennefick and Niall O Murchadha. In other words, they assert that 

i 



so that the Regge-Teitelboim conditions are automatically satisfied and thus the ADM 
center of mass is well-defined in the static realm. 

A very different, geometric approach is taken by Gerhard Huisken and Shing-Tung 
Yau who define the center of mass of a general asymptotically flat end by an intricate 
construction using a foliation of the end by constant mean curvature (CMC) surfaces. They 
prove existence and uniqueness results on these CMC-surfaces as asymptotic roundness 
and convergence of the Euclidean centers of mass of these CMC-surfaces as r — > oo thus 
intrinsically and geometrically defining a unique center of mass of the end itself. More 
concretely said, they prove the following quantitative theorem. 

Theorem 2.5.3 (Gerhard Huisken and Shing-Tung Yau). Let (E 3 ,g) be an asymptotically 
flat end with positive ADM-mass m. Assume furthermore that (E 3 ,g) is asymptotically 
Schwarzschildian in the sense that there is an asymptotically flat system of coordinates 
such that 



mG 



i 



9ij = ( 1 + S tj + Pij with \d l P l3 \ < C l+1 r- 1 - 2 for < / < 4 

for some constants C±, . . . , C5. Then there is a constant po > depending only on m and on 
C := max{l, m, Ci, . . . C 5 }, and a foliation {S p }p> po of a standardized exterior of E 3 by 
strictly stable constant mean curvature spheres. Furthermore, there exist constants Di,D 2 
depending only on Co,m and not on p such that radial coordinate r satisfies \r — p\ < D\ 
and \H P — - + < D 2 p~ 3 on S p; where H p denotes the mean curvature on S p . Finally, 
there is a vector z C mc '■= ZHy{E 3 ,g) € M. 3 depending only on the end (E 3 ,g) such that 
the Euclidean centers of mass of the surfaces S p , 

J s xda 



2 P f 



converge to ZHY{E 3 ,g) as p —> 00, where da is the surface element with respect to the flat 
(Euclidean) background. We call zhy the constant mean curvature (CMC) or Huisken- Yau 
center of mass. 



11 Metrics of this type are also sometimes referred to as asymptotically spherically round. 
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2.5 The Center of Mass 



The surfaces H p are unique (in a certain class). They arise as solutions to the curvature 
flow FP-.S 2 ^ E\ 

j.F P (P,t) = ( lFP ^ Hda -H)u(p,t), forallt>0,peS 2 , 
at JFP(s 2 ,t) aa 

F p (0,p) = F p (p) for all peS 2 

where H(p,t), \x, and v denote the mean curvature, the surface measure, and the outer 
unit normal of F p (S 2 ,t) at p with respect to the background 3-metric g. 

Jan Metzger has generalized this theorem to general asymptotically flat ends (E 3 ,g, h) 
also allowing for a symmetric tensor field h thought of as a second fundamental form from 
a 3 + 1-perspective. At the same time, he has significantly weakened the assumptions on 
the fall-off of g\ namely, it suffices to assume 



sup (r \g - s g\ + r 2 | 9 V - S V| + r 3 | s Ric - s Ric|) < 77 

R 3 \B CT( o) 

for some rj > sufficiently small where | • | denotes the norm with respect to either g 



or s g and s g denotes the Schwarzschild metric 12 of the same (positive) ADM-mass as g. 
Other authors like Rugang Ye |Ye96] and Lan-Hsuan Huang |Hua08] have proven similar 
existence, uniqueness, and asymptotic roundness statements with different methods and 
under different asymptotic flatness assumptions; in particular, the latter work relaxes 
the asymptotic Schwarzschildian condition to the Regge-Teitelboim conditions provided 



the vacuum Einstein constraints (2.8) and (2.9) are both satisfied. Anticipating again the 



well-known asymptotic Schwarzschildness of asymptotically flat static metrics (cf. Theorem 



3.2.5), Jan Metzger and Lan-Hsuan Huang's results will in fact apply to the geometrostatic 
setting we will study in the remainder of this thesis. 

Having looked at two very different definitions of center of mass, it is natural to ask 
whether or in what circumstances these centers agree. This question is addressed in Justin 
Corvino and Haotian Wu's paper |CW08| where they prove that - in case of sufficiently 
fast fall-off - both centers coincide: zadm = zhy- 

Theorem 2.5.4 (Justin Corvino and Haotian Wu). Consider an asymptotically flat end 
(E 3 ,g) with positive ADM-mass m which satisfies 

777(7 V 3 B k r k 

9ij (x) = (1 + — + )% + P i3 with d l P tJ = 0(r- 3 - 1 ) for < / < 5 

in some asymptotically flat chart for some constants B k e R. Then, in this chart, 

2c 2 B k 



z k HY {E 3 ,g) = -—^ = z k ADM {E\g) 



holds for all k = 1,2, 3. 



cf. page 35 1 for a short introduction into Schwarzschild metrics.. 
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2 Isolated Relativistic Systems 



Observe that this theorem does not request that the vacuum Hamiltonian constraint 
is satisfied; instead, convergence of the surface integrals in the formal Definition 2.5.1 is 
secured by the stronger fall-off assumption. In her paper |Hua08j . Lan-Hsuan Huang proves 
a different version of this result for solutions of the full vacuum Einstein constraints. 

Theorem 2.5.5 (Lan-Hsuan Huang). If(E 3 ,g,h) is an asymptotically flat end solving 
the vacuum Einstein constraints with positive ADM-mass m and satisfying the Regge- 
Teitelboim conditions, then there exists a foliation by surfaces S p with constant mean 
curvature H p = - + 0(p~ 1 ~ T ) in some standardized exterior of E 3 . Each leaf S p is a 
c p 1 ~ T -graph over S 2 p (zadm(E 3 , g)) C 1R 3 and is strictly stable. 

Again, both of these theorems apply in the static setting though this time, this is not 
obvious from our previous understanding of the fall-off of static metrics. In fact, we will 
prove in Chapter [3] that asymptotically flat static metrics (with positive ADM-mass) can 



always be put into the form assumed in Theorems 2.5.4 or 2.5.5 cf. Theorem 3.3.1 We 



will also illustrate what systems of asymptotically flat coordinates bring the metric into 



this form. In the proof of Theorem 2.5.5 Lan-Hsuan proves the following formula which 



will become useful for our purposes in Chapter |4j 



Proposition 2.5.6 (Lan-Hsuan Huang). Under the conditions of Theorem 2.5.5, there is 
a radius ro > 1 such that 

J (x k - p k ) (h - ; V = ^ (p* - z k ADM (E 3 , g)) + 0(r^) 

holds as r — )■ oo for any vector p = (p 1 ,^ 2 ,^ 3 )* G 1R 3 , any radius r > ro, and all k = 1,2, 3. 
In this formula, H denotes the mean curvature of the surface S 2 (p) with respect to the 
metric g and da is the surface element with respect to the flat metric. The coordinates are 
chosen such that the assumed Regge-Teitelboim conditions are fulfilled. 

In |HualO] . Lan-Hsuan Huang gives 13 another "intrinsic" definition of center of mass. 
In the same paper, she proves that this intrinsic center of mass zj(E 3 ,g) agrees with 



zadm(E 3 , g) under the conditions of Theorem 2.5.5 and thus also with zhy{E ', g) in each 



suitably asymptotically flat end. 

Theorem and Definition 2.5.7 (Lan-Hsuan Huang). Under the conditions of Theorem 



2.5.5, the intrinsic center of mass zj G E of an asymptotically flat end (E 3 ,g,h) is 



defined as 

z\{E 3 ^ g) = hm J(BXc- l -Kg) (rY^ - 2*Vfl,, u)da, 

s? 

where the Ricci and scalar curvatures, the normal v, and the surface element da correspond 
to g. , r, and dj are the coordinate functions, the coordinate radius and the partial 
derivative with respect to the given chart at infinity, respectively. The intrinsic center of 
mass of the end (E 3 , g, h) agrees with its ADM and HY centers. 



13 



She states to have studied this expression on suggestion of Richard Schoen. 
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2.5 The Center of Mass 



Remark. The field Y k := r 2 g k ^dj — 2x k x^dj is a conformal Killing vector field of the 
Euclidean background metric in the coordinates described in the theorem. 

In Chapter |4j we will present a new quasi-local notion of center of mass in the static 
setting and prove that it agrees with the centers of mass described above whenever the 
considered manifolds are static solutions of the Einstein equations. This new notion will 
allow us to show that the Newtonian limit of the center of mass converges to the Newtonian 
center of mass of the limit along any family of static relativistic systems which has a 



Newtonian limit, cf. Theorem 6.4.2 
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3 Geometrostatics 



In this chapter, we will introduce and discuss geometrostatic systems and the equations 
governing them. They model static asymptotically flat spacetimes with compactly suppor- 
ted matter as we will explain in Section 3T For convenience of the reader, we will then 
collect some well-known facts about geometrostatic systems (known as "static solutions" 
in the literature) in Section 3.2 In Sections 3.3 and 3.4, we will analyze the fall-off beha- 
vior of these systems repeatedly using the faster fall-off trick introduced on page 15 1. We 
begin by defining staticity and deriving the static version of the Einstein equations, the 
"static metric equations". 



3.1 The Static Metric Equations 

A spacetime (L 4 , ds 2 ) is called static if there exists a timelike Killing vector field X that 
is irrotational or hyper surf ace- orthogonal, i. e. that satisfies X^V pX~j\ = 0. Now let D be 
the distribution given by 

D :— [J {Y G T P L 4 | ds 2 (Y,X)\ p = 0} C TL 4 

and equipped with the smooth bundle structure inherited from the tangent bundle. Then 
D is clearly a smooth tangent distribution. D is involutive as 

ds 2 {[Y,Z},X) = ds 2 {Y, 4 V z X)-ds 2 {Z, 4 V Y X) 
= 6X [a 4 V p X y] Y a Z p = 



and hence by the global Frobenius theorem 1.2.1 L is foliated by maximal connected 



integral submanifolds. Let M 3 be any of these maximal connected submanifolds. Then 
M 3 is spacelike as its tangent bundle is the orthogonal complement of the timelike vector 
field X and therefore ds 2 induces a Riemannian 3- metric on M 3 which we denote by 3 g. 
Let h denote the induced second fundamental form and v := X/\X\ the associated unit 
normal vector field, where \X\ := a/— ds 2 (X, X). Then symmetry of h and the Killing 
equation for X give us that for all vector fields Y, Z G T(TM 3 ) 

h(Y,Z) = j^ A V (a X f}) Y a Zf } = 

so that M 3 is a totally geodesic submanifold. Observe that although L 4 possess this natural 
foliation, it needs not in general be a product manifold. And even if so, the metric ds 2 
must not necessarily globally split into a product metric. In this thesis, however, we will 
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3.1 The Static Metric Equations 



assum (J] that any static spacetime is standard static which means that it can be globally 
decomposed as 



L 4 

ds 2 



I x M 3 
-N 2 c 2 dt 2 



+ 3 9 



with N := \X\ = ^/-ds 2 (X, X)c 



(3.1) 
(3.2) 

3 g the 



> 0, t a global time function, X = d t , and 
3-metric induced on the spatial slices arising as the integral manifolds of the above dis- 
tribution D. For a discussion of when a given static metric is standard static we refer 
the interested reader to Miguel Sanchez' articles |San05t ISS07] . Now observe furthermore 
that even a standard static metric needs not in general be globally hyperbolic, cf. |San05| 
and references cited therein. A very simple example for a non-globally hyperbolic stan- 
dard static spacetime would be a restriction of the Minkowski spacetime (M 4 ,^) with 
rj = —c 2 dt 2 + 5, S the flat metric on M 3 , to the submanifold L 4 := l 4 \(Ex5), where B is 
a closed ball in M. 3 . However, an asymptotically flat standard static spacetime (M 3 , 3 g, N) 
is globally hyperbolic if and only if (M 3 , 3 g) is geodesically complete. The reason for this 
is that the lapse function and 3-metric are uniformly bounded by asymptotic flatness, 
cf. Spiros Cotsakis |Cot04] . 

Having discussed the spacetime structure of static metrics let us now study the asso- 
ciated symmetry reduction of Einstein's equation (2.11). If (L 4 ,ds 2 ) is a static spacetime 



and T an energy-momentum tensor, the 3+1 decomposed Einstein equations applied to 
Y,Z G r(TM 3 ) reduce to 

16nGp 



R 







5 Ric(F, Z) - 



3 v 2 iv(Y, z) 

N 



_8vrG 
8irG 



AY) 
S(Y,Z) 



his 



(3.3) 
(3.4) 
(3.5) 



4irGp 3 



g(Y,z). 



In these equations, the mass density p, the momentum density J, and the stress tensor 5* 



are defined as explained on p. 18 Taking the trace of Equation (3.5), we see that 

3 trS N 



3 AN 



4ttG 



c" 



N p + 



c* 



(3.6) 



(3.6) and (3.5) imply (3.3) and combine to the static metric equation^ 

HrSr 



'Ric 



3 AN 



3 V 2 N 8vrG 
+ — r- 



N 

4ttG 
~c~ 2 



c 1 



S 



9 



Nlp + 



his 



(3.7) 



1 This assumption is conventional but usually hidden in the terminology that a static spacetime is given 
by a Riemannian 3-metric and a lapse function both defined on a common 3-manifold. 

2 The equation J = is not usually included in the static metric equations but it must be added in order 
to obtain the full Einstein equations. 



33 



3 Geometrostatics 



In vacuum (T = 0), the static metric equations read 

iV 3 Ric = 3 V 2 iV 

(3.8) 

3 AN = 0. 

For standard static spacetimes (L 4 , ds 2 ), the lapse function N and the 3-metric 3 g with 



respect to the described canonical 3+1 decomposition characterize ds uniquely by (3.2). 
In what follows, we will therefore sloppily refer to (M 3 , 3 g, N) as a static spacetime and/or 
as a solution to the static metric equations. We remark that this terminology implicitly 
requires that N be positive. 

In dynamical GR, it is well-known that the equation of motion 4 divT = is a direct 



consequence of Einstein's equation (cf. p. 18). The following proposition states that this 
feature persists in the static setting. 

Proposition 3.1.1. The equation of motion 4 divT = is an automatic consequence of 



the static metric equations (3.7) 



Proof. Suppose that (M 3 , 3 g, N, p, S) satisfy the static metric equations ( |3.7 ) with T in- 



duced from p, S and J = as usual (cf. p. 18) and compute that (divT) t = by staticity. 



( 4 divT)j = ( 3 divS < + N^ 1 S^gradiV, •) + c 2 pN~ 1 dN)i holds for a general static spacetime. 
Taking the exterior derivative of both the trace of the first and of the second static metric 
equation as well as the covariant divergence of the first, we obtain the equations 

3 RdN + Nd( 3 R) = d( 3 AN) + ([pc 2 - 3 tiS] dN + Nd[pc 2 - 3 tiS]) 
d^AN) = 4 ^f([pc 2 + 3 tiS]dN + Nd[pc 2 + 3 tTS]) 
iV( 3 div 3 Ric) = d( 3 AN) + (S( 3 gradiV, ■) + N 3 divS) 

+ 1?^ ( [ p c 2 _ 3 tr5 ] dN + Nd [ p c 2 _ 3 tr>S ] ) 

where we have used the definition of Ricci curvature. Applying Schur's lemma (or in other 
words the contracted second Bianchi identity) 3 div 3 Ric = <i( 3 R)/2, we obtain 

3 RdN = — (S( 3 gradiV, •) + iV 3 div,S) 

by a substraction of twice the last equation from the first one. Using ( |3.3[ ) which is a simple 
consequence of the static metric equations (3.7), we therefore recover 4 divT = 0. □ 



Asymptotically flat solutions of the static metric equations are the main objects to be 
studied in this thesis. Let us therefore continue by giving the definition of "geometrostatic 
systems" , a term collecting a set of appropriate assumptions. 

Definition 3.1.2 (Geometrostatic Systems). Let S = (M 3 , 3 g,N, p, S) be a solution of 
the static metric equations ( |3.7 ) and let k E N, k > 3, and r > 1/2 such that — r is 



non-exceptional (i. e. r ^ Z). We call S a (k,r) -geometrostatic system if, in addition, the 
following conditions hold: 
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3.1 The Static Metric Equations 



(i) (M 3 , 3 g) is a (k, q — 2, r)-asymptotically flat manifold. 

(ii) N > in M 3 and N(p) — > 1 as p — > oo in each end of M 3 . 

(iii) p > 0, S > 0, and the supports of p and S are bounded away from infinity 

As before, we will call S a geometrostatic system for short if k and r are either clear from 
context or arbitrary. Moreover, if we are concerned with a vacuum solution (i. e. if p = 0, 
S = 0), we call (M 3 , 3 g, N) a vacuum geometrostatic system for simplicity. 

Remarks, r > 1/2 and /c > 3 ensure that the ADM-masses of all ends are well-defined by 
Theorem 2.4.2 and the embedding theorems^] stated in Section L4 The restrictions q = 2 



and k > 3 relate to better a priori decay results for g a nd iV which have been obtained by 



Daniel Kennefick and Niall O Murchadha, cf. Theorem 3.2.5 Clearly, the static spacetime 
(L 4 , ds 2 ) constructed from a geometrostatic system (M 3 , 3 g, N, p, S) via (3.1) and (3.2) is 
a standard static spacetime. 

The following lemma will be very useful in the sequel. It is implicit in many papers 
on static metrics and the metric 7 appearing in it will be very important in Chapters [4] 
and [6] where it will be called the "pseudo-Newtonian metric" corresponding to the given 
geometrostatic system. 

Lemma 3.1.3. Let (M 3 , g, N, p, S) be a geometrostatic system and let (x l ) be local coordi- 
nates for M 3 . Then (x l ) are wave harmonic with respect to the induced Lorentzian metric 
ds 2 (i. e. satisfying ds2 Dx l = 0) if and only if they satisfy 

; v\.r' - Aj y. 

N 

Equivalently put, (x l ) are wave harmonic with respect to ds 2 if and only if they are har- 
monic with respect to the conformally transformed metric 7 := N 23 g. 

Proof. Straightforward computation. □ 

Example: Schwarzschild Solutions 

The most important example for an asymptotically flat solution of the vacuum static metric 
equations is the family of (spatial) Schwarzschild metrics named after their discoverer Karl 
Schwarzschild |Schl6j : 

»v=(i + £|) 4 * <-) 

on IR 3 \ {0} where r denotes the radial coordinate on IR 3 \ {0}, m G M is called the "mass 
parameter" of the family, and 5 denotes the Euclidean metric on M. 3 \ {0}. Schwarzschild 
metrics model the (spatial) exterior of rotationally symmetric static stars or blackholes 
in general relativity. They are rotationally symmetric, conformal to the flat metric 5, and 
asymptotically flat with decay rate < r < 1 with respect to Euclidean coordinates on 



To be concrete, observe that in particular W^(E R ) ^ W^{E R ) for q = 6 > 3 by the Sobolev 



inequality (1.21| 
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3 Geometrostatics 



IR 3 \ {0}. We have 0,s g = S and m coincides with the ADM-mass of m,s g. Together with 
the Schwarzschild lapse functions 

m ' 5 (yf solves the vacuum static metric equations on its domain of definition. As moreover 
N — > 1 at infinity, (IR 3 \ {0}, m,s g, m ' N, 0, 0) is a geometrostatic system as defined above. 
For later use, let us introduce the abbreviation 



mG 

M:=— (3.11) 



c 2 



so that the Schwarzschild metrics obtain the more familiar form m ' s g = (l + |^) 4 5. When 
the mass m is implicitly understood, we also write s g and S N instead of the lengthy but 
more precise terms m,s g and m ' s N, respectively. 



The coordinates used in (3.9) are called isotropic coordinates. They are very useful for 
computations relying on rotational symmetry but they are not wave harmonic with respect 
to the corresponding 4-metric m,s ds 2 = — m ' s N 2 c 2 dt 2 + m ' s g. As our considerations of the 
center of mass of an asymptotically flat manifold will rely on such wave harmonic systems 
of coordinates, we will now introduce such a system for the Schwarzschild metrics. If {x l ) 
are the isotropic coordinates for a Schwarzschild metric g, set 



/If 5 

y<: = + (3-12) 



s : 



l(v')l = VW+Wy + W) 




s{r)= [l + ^-)r and r{s) = I 1 + Wl - ^ ) ■ ( 3 - 13 ) 



which implies 

sW =114- 

4r 2 

A straightforward computation shows that (y l ) is indeed a smooth system of coordinates 
on IR 3 \ Bm/ 2 (0) with values in IR 3 \ B^(0). The transformation reads 

dx> V W ' 2r* ' K ' 

where 5] denotes the Kronecker delta symbol. With the abbreviations f(r) := 1 + M/2r 
and if;(s) := (1 + M 2 /4r(s) 2 )" 1 = (1 + ^1 - M 2 /s 2 ))/2, one finds that r(s) = ^(s)s and 

k 

d yi = ipd x i + ip'^-^d xk , 
s 

s g(d yi ,d yj ) = (pr) 4 (^ J+ 2 S #'^ + S 2 (^^) (3.15) 

S N{s) = (l_^)l/2 (l + ^)-l/2_ (316) 

s s 
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3.1 The Static Metric Equations 



Moreover, for later convenience, let us summarize the explicit expressions for the Christoffel 
symbols, curvature tensors, and derivatives of the lapse for the Schwarzschild family both 
in isotropic 



S-nk 

ij 

s Ricij = 
S Ni = 

and in wave harmonic coordinates 

M 



M 


( x i 6 k + x i 


r 2 cp 


M i 

r 3 ip 2 \ 


r 2 


Mxi 




r 3 (p 2 





X 



5 ij 



(3.17) 
(3.18) 
(3.19) 



S-nk 

ij 



y^xk _|_ Vj_ zk 
S J S 



y 



s 2 ip 2 (f o r 

( y ij') 2 y i y j y k M 2 y iyj y k 



+ 



sip 



'Ric 



M 



'3 



s 3 ip 3 {ip o r) 2 
s 3 i/j 3 ((f o r) 2 



s° 

ViVj 



s s J s 

1 2/;A2 s 2 (^') 2 
1 + s 2 (tp ') + 



2s 3 



2^ 3 



(3.20) 
(3.21) 
(3.22) 



Having derived these expressions, it is straightforward to see that s g is asymptotically 
flat with respect to both (x l ) and (y l ): 

Lemma 3.1.4. Let m > and let M := mG/c 2 as before. Let s g := m,s g be given in 
isotropic coordinates with r > M/2. Then s g is (k, q, r)- asymptotically flat in Em/2 for all 
k € N, 1 < q < oo, and < r < 1. 

Proof. As for m = the claim must trivially hold, we assume that m > without loss of 
generality. We can then immediately see that s g G W l ^(M. 3 \B M / 2 ) by smoothness and that 
s g is uniformly positive and bounded as 1 < (p < 2 for r > M/2. An induction over the 
order of (weak) differentiability combined with the chain rule and the well-known fact that 
Im/2 r K d r < oo iff k < — 1 ensures that s gij — o~ij G W^(R 3 \B M /2{0)). Hence by Definition 
2.3.1, s g is (k, q, r)-asymptotically flat with respect to its isotropic coordinates. 



□ 



Lemma 3.1.5. Let m > and let M := mG/c 2 as before. Let s g := m,s g be given in 
the wave harmonic coordinates (y l ) described in (3.12) with s > M* > M. Then s g is 



(k, q, t)- asymptotically flat in Em* for all k e N, 1 < q < oo, and < r < 1. 



k,q{ 
loc 



Proof. For m = 0, we have that x % = y l so that the claim follows from Lemma |3.1.4| Let 
us therefore assume that m > without loss of generality. Again, s g G W, 



\B 



Al* 



must hold by smoothness and g is uniformly positive and bounded asl<<£>or<2, 
1/2 < V < 1, and < si p' < M 2 /2M*^(M*) 2 - M 2 for s > M*. An argument similar to 

using the decay behavior of ip(s) = (1 + y/i — M 2 /s 2 )/2 and its 
- 5ij G ^^(IR 3 \ Bm*{0)) in wave harmonic coordinates. Hence 



the one in Lemma 
derivatives leads to 



3.1.4 



9ij 



by Definition 2.3.1 , g is (k, q, r)-asymptotically flat with respect to these coordinates. □ 
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3 Geometrostatics 



Using these lemmata, it is immediate that the Schwarzschild metrics and lapse functions 
constitute vacuum geometrostatic systems outside suitable balls. 

Proposition 3.1.6. Let m > 0, k G N, k > 3, 1/2 < r < 1, M* > M, and set 

M := mG/c 2 as before. Then the Schwarzschild systems Si SO := (£'j^/2(0), m ' °g, m ' N) and 
Shar '■= (EM*(0), m ' s g, m ' s N) are (k,r)- geometrostatic systems (with structures of infinity 
given by the isotropic coordinates and the wave harmonic coordinates, respectively). If 
m^O, the ADM center of mass vanishes in these wave harmonic coordinates. 



Proof. Lemmata 3.1.4 and 3.1.5| assert the asymptotics of the metric in the respective 



systems of coordinates. The lapse function m ' s N satisfies m ' • N(p) — > 1 as p — > oo because 



r(p) — >• oo and r(s(p)) — > oo as p — > oo, cf. (3.13). The embedding statements from Section 



L4] ensure property (ii). The center of mass claim follows from a direct computation. □ 



For later reference, we quickly summarize the asymptotic expansions of N and gij in 
wave harmonic coordinates using analyticity at infinity of the relevant expressions: 

S N = 1 - - + ^ + 0(s- 3 ) (3.23) 
s 2s z 



'9H = + — + ~T K + f^ + 0(s- 6 ) (3.24) 



s s 2 J s 

Let us close our introduction into the topic of Schwarzschild metrics by mentioning that 
although the spacetimes corresponding to the Schwarzschild 3-metric and lapse are well- 
defined and satisfy the static vacuum Einstein equations even inside the (pointed) balls 
cut out in the above proposition, they cannot be understood as geometrostatic systems, 
there, as the lapse iV = a/— ds 2 (X, X) passes through zero at the so-called "horizon" , a 



surface which is located at r = M/2 in isotropic coordinates, cf. the remark on page 58 
For reasons that will become clear lateiQ the condition N > will however be vital and 
cannot be dropped in the definition of geometrostatic systems. 



3.2 Well- Known Properties of Geometrostatic Systems 



(Standard) static spacetimes that satisfy the static metric equations ( 3.7[ ) (with a suitable 



matter model) have been studied in abundance. For convenience of the reader, we will 
now collect some of their well-known and very useful properties like regularity and fall-off 
behavior. Most of these properties will be stated in their vacuum versions, which means 
that T = or equivalently in the static setting that S = and p = 0. In these versions, the 
theorems apply to the vacuum regions outside the compactly supported matter in the case 
of non-vacuum geometrostatic systems. We will state them in their original formulation 
for the purpose of recognition by the knowledgeable reader. 

Let us begin with a regularity result. Surely, classical solutions (M 3 , 3 g,N > 0) of the 
vacuum static metric equations will have some assumed a priori regularity. The weakest 
possible assumption will probably be that N and 3 g be C 2 assuring existence and continuity 
of the curvature and derivative terms on which the equations rely. Assuming slightly more 



*One of them being the fact that we will use iV 2 as a factor for a conformal transform in Chapter |4j 
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3.2 Well-Known Properties of Geometrostatic Systems 



regularity, Henning Miiller zum Hagen |zH70] showed a remarkable automatic analyticity 
property of static vacuum metrics. Observe that this analyticity property is local and does 
not assume or imply specific boundary behavior on the spatial slice M 3 . 

Theorem 3.2.1 (Henning Miiller zum Hagen). Let L 4 be manifold of class C 5 , ds 2 a 
Lorentzian metric on L 4 of class C 3 and assume that there is a irrotational timelike Kil- 
ling vector field X of class C 4 making (L 4 , ds 2 ) a static spacetime. Assume that (L 4 , ds 2 ) 
satisfies the vacuum static metric equations. Then M 3 is analytic and its analytic atlas 
is generated by wave harmonic coordinate^ charts. Moreover, the induced 3-metric 3 g is 
analytic with respect to any analytic chart. 



Having this result in mind, we will not be concerned with interior regularity issuesjin 



the remainder of this thesis. In harmony with the positive mass theorem 2.4.3 there can 
only be trivial geodesically complete vacuum solutions as Andre Lichnerowicz ( |Lic55j . 
chapter VIII) showed using the maximum principle for the Laplace equation and the fact 



that M is 3-dimensional (in terms of formula (1.4)) 



Theorem 3.2.2 (Andre Lichnerowicz). If(M 3 ,g,N) is a (geodesically) complete solution 
of the vacuum static metric equations with N > everywhere, then either M 3 is compact, 
N is constant, and g is flat or M 3 admits a domain of infinity in the sense of possessing 
arbitrarily remote points from a given point p G M 3 (with respect to the Riemannian 
distance function distj. If in that case there exists a constant N 6 R + such that N(q) — > 
N as dist(p, q) — > oo, it follows that N = N and that g is flat on all of M 3 . 

Michael T. Anderson |And 99j has generalized this result using geometric PDE techni- 



ques and again the 3-dimensionality in form of formula (1.4) to get rid of the constant 
asymptotic behavior assumption. 

Theorem 3.2.3 (Michael T. Anderson). If(M 3 ,g,N) is a (geodesically) complete solution 
of the vacuum static metric equations with N > everywhere, then N is constant and g 
is flat. Moreover, M 3 is diffeomorphic to R 3 or a quotient thereof. 

Following Michael T. Anderson in |AndOO] . a solution (M 3 ,g,N) of the vacuum static 
metric equations is called maximal if there is no solution (M 3 ,g, N) of the vacuum static 
metric equations properly extending (M 3 ,g,N) in the sense that M 3 C M 3 , N\ms = N, 
and g|TM 3 xtm 3 = 9- Furthermore, if M 3 is not complete we denote its metrical completion 
by M 3 and its metrical boundary by dM 3 and extend the Riemannian distance function to 
M 3 - without assuming that M 3 be a smooth manifold with boundary or for that matter 
that g and iV can be smoothly extended to dM 3 . dM 3 is called pseudo-compact if there 
is a tubular neighborhood U C M 3 of dM 3 whose boundary dU has compact intersection 
with M 3 . If d : M 3 — y R : p i— > distQo, dM 3 ) denotes the metric distance to the boundary, 



5 



In |zH70| . these coordinates are referred to as harmonic coordinates with respect to the conformally 



3.1.3 



transformed metric 7 := N 2 3 g, cf. Lemma 
6 It is well-known that singularities do arise even m static spacetimes - e. g. in the Schwarzschild spacetime 



of page |35f f - but these are not interior points of the manifold and therefore do not destroy interior 
regularity. 
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then pseudo-compactness of dM 3 is equivalent to the level sets of d being compact. An 
end of M 3 then in this context is an unbounded component of M 3 \ U. It is called small if 



oo 

j (a(d- 1 (s)nE))' 1 ds = 00 



so 

where a denotes the induced surface measure. As above, an end is called asymptotically 
flat if it possesses a structure of infinity with respect to the induced metric. The following 
theorem gives insight into the behavior of static vacuum solutions in an end E usingF] 

c 2 f 

m*(E) : = lim - — — / g( 9 gradlog N, 9 grad<f) da. 

s^oo 4nG J 

d- 1 {s)nE 

Theorem 3.2.4 (Michael T. Anderson). Let (M 3 ,g3,N) be a maximal solution of the 
vacuum static metric equations with N > everywhere and suppose that dM 3 is pseudo- 
compact with corresponding tubular neighborhood U. Then M 3 \U is a union of finitely 
many ends. If E is one of the ends and if there is a sequence {p{\ C M 3 with d(pi) — > 00 
as i 00 and a constant Nq > such that N(j>i) > Nq for all i G N, E is either 
asymptotically flat or small. If the mass m* (E) is positive and if N is bounded above on 
E, E must be asymptotically flat. 

Thus, for the physically very reasonable class of vacuum solutions (M 3 ,g,N) having 
pseudo-compact boundary dM 3 , possessing a bounded lapse function N > which is not 
tending to in any end, and which satisfy that all ends of M 3 have positive *-mass m*, 
all ends are automatically asymptotically flat. We therefore do not restrict our attention 
severely when focussing on asymptotically flat solutions of the static metric equation^} 

There might be even more to say. Asymptotic flatness could be a generic behavior among 
the class of ends for which both g and the conformally transformed metric 7 := N 2 g are 
complete up to the boundary in the metric sense, cf. Martin Reiris |ReilOj . Observe that 



this conformally transformed metric 7 reappears in Section |47T| where we reformulate static 
relativity in a pseudo-Newtonian form. 

Adding to the above facts, static asymptotically flat solutions of the vacuum Einstein 



equation (2.1) have very specific fall-off at infinity. Well-known results on this fall-off go 
back to Robert Geroch |Ger70al [GerTOb] . Rolf Hansen |Han74j . Robert Beig |Bei80j . Ro- 
bert Beig and Walter Simon |BS80bj IBS80a| lBS8Tj ISB83] . Prasun Kundu |Kun81j as well 



as Daniel Kennefick and Niall O Murchadha |KM95j among others. In particular, it was 
asserted by Robert Beig and Walter Simon that asymptotically flat static vacuum soluti- 
ons are analytic at infinit}|^] approximately Schwarzschildian at spatial infinity assuming 
specific fall-off rates at infinity. 



7 For more details, especially on why this limit is well-defined, cf. AndOO] . The author has introduced 
the constants c and G in order to make a physical mass and thus comparable with other notions 
of mass discussed in this thesis. 

8 As announced earlier, we will focus our attention on situations where the matter has compact support 
and thus the static spacetimes under consideration in fact satisfy the vacuum static metric equations 
outside some compact set. This means that we can apply Michael T. Anderson's theorem 3.2.4 to our 
situation statically extending the spacetime to be maximal. 

9 This analyticity at infinity is defined by conformal compactification. It thus in principle differs from the 



analyticity at infinity we will assume in Theorems 5.3.5 and 3.4.2 
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Daniel Kennefick and Niall O Murchadha generalized these results to solutions satisfying 
weaker fall-off assumptions. We will apply their result when studying higher order terms of 



the expansion in Sections 3.4 3.3 Their result constitutes the reason for our assumptions 
that q = 2 and k > 3 in the definition of geometrostatic systems. In fact, it would allow 
us to drop the assumption r > 1/2 which we have denoted in the definition to make it 
obvious that the ADM-mass is well-defined for geometrostatic systems. 

Theorem 3.2.5 (Daniel Kennefick & Niall O Murchadha). Let g be a Riemannian 3- 
metric on some exterior set E R C 1R 3 ; R > 1, such that g^ — 5ij G W_^(Er) with 
differentiability order k > 3 and decay rate r > and assume that {g,N) solves the 
vacuum static metric equations for some N : E R — > IR + . Then if N goes to 1 at infinity, 
(M 3 ,g,N) must be Schwarzschildian at infinity, i. e. such that N and g satisfy 



N-l + H 
r 



eW'p^En) and 9ij - (l + ^ 5 l3 e W k f T+1) (E R ) (3.25) 



for some constant Mel with respect to wave harmonic coordinate. 



10 



Proposition 3.2.6. Under the assumptions of Theorem 3.2.5, the constant M in the above 
theorem equals 

m ADM (E R ,g) G 



M 



c 2 



Proof. By definition of ADM-mass and by the asymptotics proven in Theorem |3.2.5 
find 



we 



c 2 f 

m ADM (E R} g) = — — lim / (g iid - g ij:i ) v\ da s 

107rG r^oo J 



— — lim / — ^ + 0(r~ 3 ) - da s 

16nG r^oo J \ r 6 r A J r 

c 2 Mr 2 
lim (levrM + C^- 1 )) 



16%G r^oo v ' G 

□ 

Robert Geroch, Rolf Hansen, Prasun Kundu, Robert Beig and Walter Simon have also 
defined and studied multipole moments of asymptotically flat solutions to the vacuum 



static metric equations^ using a conformal compactification of the asymptotically flat 
ends. Moreover, they asserted that these multipoles give rise to an analytic expansion 
of the lapse function and the 3-metric at spatial infinity and discussed to what extent 
the moments determine the metric. Thomas Backdahl |Bac08| has considered the inverse 
problem of when specified moments lead to a solution of the equations. As the statement 
of these so-called Geroch-Hansen multipole moments is quite involved and as we will not 
recur to them, we refer the interested reader directly to the articles mentioned above. 



10 In |KM95| . the condition on the coordinates is formulated through harmonicity with respect t o the 
conformally transformed metric 7 := N 2 g which is equivalent to wave harmonicity, cf. Lemma 3.1.3 



above. 

11 Some of these results also continue to hold for stationary solutions to the vacuum Einstein equations. 
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Foliation by Levels of N 



Before we go on and study the center of mass, let us quickly state and prove a small 
lemma we will frequently make use of for both technical (uniqueness of photon spheres, 
cf. Section 5.4) and physical (surfaces of equilibrium, cf. Section 5.3[ ) reasons. A more 
elaborate analysis of these surfaces will be presented at the end of the next section. 

Lemma 3.2.7. Let (E 3 ,g, N, p, S) be a geometro static end with non-vanishing ADM-mass 
m. Then there exists a standardized compact interior K C E 3 such that N foliates E 3 \K 
with spherical level sets enclosing the support of the matter. 



Proof. Daniel Kennefick and Niall Murchadha's theorem 3.2.5 tells us that 

dN Mxi 



e W^_ 2 (E 3 ) 



holds in wave harmonic asymptotically flat coordinates. Therefore, by Corollary 3.2.6 
by M = mG/c 2 ), dN ^ holds in a neighbourhood of infinity. By the implicit 



i. e. 



function theorem, N thus locally foliates E 3 \ K for a suitable standardized compact 
interior K. The leaves of the foliation must be spherical as iV = 1 — M/r + 0(r~~ 2 ) is radial 
up to second order again by Theorem 3.2.5 □ 



3.3 The Asymptotic Center of Mass 

As we have just seen, Daniel Kennefick and Niall O Murchadha have used the static 
metric equations (and their pseudo-Newtonian equivalents which we are going to discuss 
in Chapter [4]) to establish that both the Riemannian 3-metric g and the lapse function 
N constituting a geometrostatic system can be split into a term proportional to Mj r and 
lower order terms in wave harmonic coordinates - a fact they formulate in the language of 
weighted Sobolev spaces. We will now head in the same direction and expand both N and 



g one order further thereby relying on the faster fall-off trick Theorem 1.4.10 Our result 
is summarized in Theorem 13.3. 11 



3 \t 



The specific form the next order term displays, namely MzA-x/r 3 with za 
a vector in IR 3 , suggests we can read off the center of mass of the system at this order of 



\ z Ai z Ai Z AJ 



the expansion^ though this will surely only be possible if M ^ 0. We will see that the 
behavior of the moment za under Euclidean rigid body changes of coordinates endorses 
this interpretation and we will call za the "asymptotic center of mass" of the system. In 
fact, using the results presented, we will prove that za coincides with the ADM and the 
CMC centers of masses zadm and zqmc of the system described in Chapter [21 

Recall that a (k, r)-geometrostatic end consists of a 3-dimensional manifold E 3 diffeo- 
morphic to an exterior domain Er C M. 3 , a (k, 2, r)-asymptotically flat Riemannian metric 
g on E 3 , a lapse function N : E 3 — >■ IR + normalized by 1 at infinity, a mass density p, 
and a symmetric stress tensor S. Together, these fields satisfy the static metric equations 



(3.7). We begin by proving the following theorem. For convenience, we use the suggestive 



notation f\ = f 2 + W^(E 3 ) for f x - f 2 e W^(E 3 ). 



cf. Theorem 2.5.4 which, however, assumes k > 5. 
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3.3 The Asymptotic Center of Mass 



Theorem and Definition 3.3.1 (Asymptotic Center of Mass). Let S := (E 3 , g, N, p, S) 
be a (k, r)-geometro static end with t > 1/2, and and let (x l ) be a system of wave harmonic 
asymptotically flat coordinates in E 3 . If the ADM-mass m of (E 3 ,g) is non-zero, there 
exists a unique vector z& e M. 3 such that 



9ij 



N 



m,S 



m,S AT , M *A ■ X T/T/ fe + 1 ' 2 I 

' N + — ~ 3 — e w, E+2) {E 



9ij 



~3 S V W 



i,-s+2)(^ 3 ) 



(3.26) 
(3.27) 



for all i, j = 1, 2, 3 and all < e < t — 1/2. Here, m < s N and m ' g denotes the Schwarzschild 
lapse and metric of ADM-mass m corresponding to the given system of coordinates and we 
have M = mG/c 2 , as usual. We call za the asymptotic center of mass of the system. 

Proof. First of all, let us drop the label m on the Schwarzschild notions for simplicity and 
let p, S — without loss of generality (shrinking the end to a standardized exterior domain 
if necessary). From Theorem 3.2.5, we know that 

M 



N — N = N — 1 + 

2M, 



(r+iy 



(3.28) 
(3.29) 



Writing 5N := N — S N and using the vacuum static metric equation for the Schwarzschild 
case, S A S N = 0, the vacuum static metric equations 9 AN = can be rewritten as 

= *AN = (N tij - 9 T^N k ) = g^(5N l3 - 9 T^5N k ) + g^{ s N^ - 9 T^ s N k ) 
= 9 A5N + g ij ( s Nij - s I% 3 N, k ) + g^{ s T k 3 - 9 T%) s N, k 

= 9 A5N + (j* - s g ij )( s Nij - s T k /N k ) +g ij ( s T k ij - 9 T k i:j ) s N k 



k-1,2 
(t-e+4) 

ij 



(E 3 ) by Theorem 



1.4.3 



°A5N + s g ij ( s T^ - 9 T k 3 ) s N k + (^ - s g ij )( s T^ - 9 T^) s N k +W k _- 1 f £+ JE 



k-1,2 
-(r-e+4) 



(E 3 ) by Theorem 



1.4.3 



ASM + Wl^iE 3 ) = 9 v (SNm - 9 T k 3 5N k ) + W_ 



k-1,2 



- (r-e+4) 



s g ij (5N i:j - 9 T k 3 6N k ) + tf* - s g ij ){8N^ - 9 T%5N, k ) + W_ 
S A6N + Wit- - 9 r k ASN <k + ( g v - s g ij )(5N, 3 - s T k 6N it 



(E 3 ) 

k-1,2 
(r-e+4) 



(E 3 



dW 



k-1,2 
(r-e+4) 



(E 3 ) by Theorem 



1.4.3 



+(g ij - s g ij )( s ^ j -^ j )5N k +W_ 



k-1,2 



ir-:+4)( £3 ) 



eW*^l 2 6+4) (B3) by Theorem 



1.4.3 



: W ^_ 2 £+4) (E 3 ) 



In the above calculation, we have used the specific fall-off of the Schwarzschild lapse and 
metric (3.23) and (3.24), the a priori fall-off (3.28) and (3.29) as well as Theorems 1.4.2 and 
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1.4.3 



in order to see that the respective terms lie in W_ 



2{t—e) > 1). The £ arises from the condition E\ 



fc-1,2 
■(r-e+4) 

(r+2))+e 2 ( 



(E 3 ) (recall r-e > 1/2 so that 
-2) < e (= -(r-e+4)) 



in the multiplication theorem 1.4.3 



In other words, we have shown that 



A5N G W 



fe-1,2 
■(r-e+4) 



(E 3 



By definition of the Schwarzschild metric s g, this is equivalent to 



5 A5N G W 



fe-1,2 
(r-e+4) 



(E 3 



The faster fall-off trick Theorem 1 .4. 10| now tells us that there is a harm onic po lynomial 



we know 



p of degree d < pr-e] such that 5N -K [p] G W^ E+2) (E 3 ). By Theorem 2.4.2 
that r — e > 1 implies m = 0. Therefore, asr — e>l/2by definition of geometrostatic 
systems, we know that d < 1. Moreover, our a priori knowledge ensures that p has no 
constant term, p must thus be a (possibly vanishing) homogeneous linear polynomial or 
in other words there must exist a vector za G IR 3 such that 



p(x) = —Mza ■ x 

for all coordinate vectors x G 1R 3 . The choice of normalization will become clear in the 
course of this proof. The Kelvin transform of p then reads 



K [p] (£) 



Mza ■ x 



where as usual r = \x\ so that we have proven Equation (3.26). 

Uniqueness of za directly follows from the fact that the difference between two terms 
of the form Mza ■ x/r 3 does not lie in W^^ £+2 ^(E 3 ) unless it vanishes. In particular, 
Equation (3.26) implies that 



Ni 



s _ M(r 2 Zj-3z- xxj) k]2 



^ + 



3M(r 2 ZiXj + r 2 zjXi + z ■ x5i 



(E 3 ) 

- 5z ■ XXiXj) | TT ./,-_j.2 



+ W 



(r-e+4) 



(3.30) 
(E 3 ),(3.31) 



where we have suppressed the label A on za for abbreviation. Now write 



2Mz- x 



9ij 9ij 



9ij Pij- 



Observe that is an asymptotically flat metric, and that a priori Sgij G W^ T+1 ^(E 3 ) by 
Equation (3.29). Using the multiplication theorem 1.4.3, we compute from this that 



9ij,k 

g-pk 

ij 

? Ric,i 



p lk ^5g kl + W k _f r _ £+2) (E 



Pij,k + 09ij,k 



p Ric 



(3.32) 
(3.33) 

(3.34) 



iA(5 gij ) + (trSgly - 5g lk / - Sg jk /) + W^ £+4) (E*),(3M) 
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where we have raised indices, calculated traces and taken Laplacians with respect to the 
flat metric 8^. Recalling the specific form of N and g discussed on pages 35 I, we obtain 



N 



9ij 



pij 



5 Ric 



M M 2 
r 2r 2 



Mxi M 2 x t , rTrk2 



+ W 



(r-s+3) 
2 (Jl ; 



(E 3 



M(r 2 5ij - 3xiXj) M 2 (r 2 5 lj - Ax { x 



1 2M M 2 \ M 2 x iXj rxrk2 
1 + + — 1 % + ^ + W^' 2 



"+<i 2 £+ 4)(^ 



(r-e+3) 



2M M 2 2Mz-x\ e M 2 x i x i Tirk2 , ~, 



M M 2 ZMz-S 



r' 



+ 



+ — — (r% - 2x i x j ) + — (zj^ + zA fe - z%) 



j. 6 

+ ^-e + 3)( E3 ) 

M(r 2 5jj — 3xjXj) M 2 (3xjXj — r 2 ^) 3M(i^ 3 - + XjZi) 



+ 



3Mz ■ x(r 2 Sij — 5xiXj) 



+ 



+ w^ £+4) (e 3 ) 



(3.36) 
(3.37) 
(3.38) 
(3.39) 

(3.40) 



(3.41) 



(3.42) 



The remaining vacuum static metric equations iV s RiCj 3 - = 9 V 2 J iV then amount to 



A(S 9ij ) + (tr^),« - 8g ik / - 8g jk / G W^ T 2 f £+4) (E 6 ) 



(3.43) 



while the wave harmonic coordinate condition (cf. Lemma 3.1.3) and its first derivatives 
give us 



TSg^-trSgj G W^ £+3) (E 3 
25 gjl>i l -tv5g Aj G W^ T 2 f E+4) (E 3 



(3.44) 
(3.45) 



which implies 



(tr<^)^- - 8g ih f - 8g jk / G W 



k x„ k r rxrk-2,2 , j-,3\ 
. (r _ e+ 4)(^ J 



(3.46) 



that the faster fall-off trick Theorem 



1.4.10 



for all i,j = 1,2,3. Equations (3.45) and (3.46) combine to A(8gij) G W_,^ £+i JE 3 ) so 

fe,2 / 



gives us the desired 5gij G W^?_ £+2 AE 3 ) . □ 



Next, we prove that the asymptotic center of mass defined within the above theorem 
transforms adequately under changes of wave harmonic asymptotically flat coordinates. 
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Proposition 3.3.2. Let S := (E 3 , g, N, p, S) be a (k,r)-geometro static end with non- 
vanishing ADM-mass m and r > 1/2, and let (x % ), (y % ) be two systems of wave harmonic 
asymptotically flat coordinatet 13 in E 3 such that y % = 0*x J + b l for some orthogonal matrix 

O G 0(IR 3 ) ; some vector b G IR 3 , and all i = 1,2,3. Then the centers of mass x za and v za 
with respect to the coordinates (x l ) and (y l ) satisfy 

y z\ = O) x z\ + b\ 



Proof. Let e be as in Theorem 3.3.1 Theorem 3.3.1 holds true for r — e =: r. Dropping 



the bar for ease of notation, we have 

M M 2 M x z-x 



N- ( I 

N- 



G W k _t+ 2) {E 3 ) with respect to (x k ) 



M , M 2 M y z-y 
2^2 7 3 



I - — — - — ) G W^ 2) {E 3 ) with respect to {y k ) 



(3.47) 
(3.48) 



where r := \x\ and s :— \y\, M — mG/c 2 , and where we have again dropped the label A 
in order to simplify notation. But by assumption y % = 0*a> ? + V so that in particular 



Ox -b r 2 \b\ 2 - (Ox-b) 2 i ,,, o .. 



(3.49) 



with respect to (x k ). This shows that the weighted Sobolev space with respect to the 
coordinates (x k ) agree with the corresponding weighted Sobolev spaces with respect to 
the coordinates (y h )- We can thus work in either of them. 



By Equation (3.49) and binomial expansion, we derive 



1 1 / pOx-b 2p 2 (Ox-b) 2 -pr 2 \b\ 2 



eW k+l,2 



-(r+p+2) 



(E 3 



for all peN. Inserted into (3.48), this leads to 



^ , Ml Ox-b 
N — \ 1 1 5- | + 



which is equivalent to 

M x z-x I M Ox-b M y z-Ox 



M 2 M y z-(Ox + b) 



G WttU E 



M{*2 '+ (M - O ty z) - x k+1 , 2 3 
-3 e W_ (T+2) {E ) 



by (3.47). We therefore get that x z + O t b — O ty z = or in other words that y z = O x z + b. □ 



We are now going to prove the promised coincidence of the centers of mass defined in 
Section 12.51 



13 Observe that Niall O Murchadha and Robert Bartnik's result 12.3.21 ensures that two wave harmonic 
asymptotically flat systems of coordinates behave can only asymptotically differ by such a rigid motion. 
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Theorem 3.3.3. Let S := (E 3 , g, N, p, S) be a (k,T)-geometrostatic end with ADM-mass 
m^O and r > 1/2, let (x l ) be a wave harmonic asymptotically flat system of coordinates 
in E 3 , and let za, zadm, zcmc, %i £ B^ 3 be the asymptotic, ADM, CMC, and intrinsic 
centers of mass of g in these coordinates, respectively. Then za = zadm = %cmc — 



Proof. From Theorem 2.5.7[ we know that both zadm and zcmc agree with the intrinsic 
center of mass defined by Lan-Hsuan Huang as geometrostatic metrics automatically sa- 



tisfy the Regge-Teiltelboim conditions (2.13) as we can deduce from Theorem 3.2.5 To 



conclude the theorem, it thus suffices to show that jveczA = zadm which we will now do. 
To this end, we will use the well-known and easy to calculate fact that 



xx- 



da s 



An 



S ij . 



(3.50) 



Inserting the expansion (3.29) into the definition of the ADM center of mass and using 



M = mG/c 2 , the claimed result follows as follows from the definition of the asymptotic 
center of mass and the fall-off proven in Theorem |3.3.1 Let e be as in Theorem 3.3.1 and 
set Pij := 9ij - % - 2Mz A ■ x/r 3 e W k f T _ e+2) (E 3 ). We find 



z adm(9) 



16irmG r-> 



f 3 

5s, J z2 [te - 9u„ 



(jg ij 5 jk vi - guvjfi] da s 



1 [ s^\f,s 2Mz A -x £ . 

„, i=i l y 



~( S 9 + 



2Mz A ■ x 



S + p)iij ) x k v\ 



- ( ( S 9 + ~, $ + P)ij5 jk vl - ( S 9 + ; S + p)^ 



da s 



linearity 



Z 



ADM \ 



— > 07T 1 — ><x> I z — 4 



=0by [3T6l 



3 r 



3 °i V S 



z A ■ x 



i=l 



r 



das + 



■'ADM 



(T-6+2) 



(E3) >T _ £>0 ) 



4(9). 



Note that we have put z ADM (p) in quotation marks as p is not really an asymptotically flat 
metric with non-vanishing mass; however, the notation obviously suggests that we mean 
to apply the formula for Zadm to p (with respect to the mass of g). □ 



Alternatively, one could use Lan-Hsuan Huang's formulas 2.5.6 or 2.5.7 in order to 
obtain the above theorem from the asymptotics proven in Theorem |3.3.1 The assumption 
t > 1/2 which was stipulated throughout this section can actually be relaxed with the aid 
of Theorem 13.2.51 
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Levels of N as Graphs over Round Spheres around z 

Recall that N foliates a neighbourhood of infinity in each end of a geometrostatic system 



with non- vanishing ADM-mass (cf. Lemma 3.2.7). Having gained a better understanding 



of the asymptotics of N and g, this information can now be made quantitative by saying 
that its levels are in fact graphs over round (coordinate) spheres close to infinity. For the 
remainder of this subsection, let us relax our notation to the more suggestive (9-notation 
for simplicity. 

Corollary 3.3.4 (Levels of N as Graphs over Round Spheres). Let (E 3 , g, N, p, S) be a 

geometrostatic end with positive ADM-mass m and let (x l ) be an asymptotically flat wave 



harmonic system of coordinates for E as provided by Theorem 2.3.2, Then each level set 



£ of ' N outside some compact interior K can be written as a graph 

F : Sl(z) C M 3 -> M 3 : x ^ x + f(x) *~ * , 

\x — z\ 

over suitable coordinate spheres S 2 R (z) with zeK 3 the center of mass of the system and 
f : S R (z) — > R a smooth function. It furthermore holds that 



f = 


Oir- 1 ), 


Wis = 




R = 


r + Oir- 1 ) 


H = 


2 4M 


2 + 






dN 


M 2M 2 


dv 




x 1 das = 


z i + 0{r- x 



+ ^^~ + 0{r - 4 ), 



as r — )■ oo where again M = mG/c 2 . 



Proof. By Proposition 3.3.2, we can assume that z = without loss of generality by trans- 
lating the coordinates (observing that \x — z\ = r + 0(1) and (S^ 1 f E z l do~s = z l ). From 
Theorem 3.3.1, we then know that N = S N + 0(r~ 3 ) and gij = s gij + (D(r~ 3 ), where the 
Schwarzschild notions refer to the mass m of the end E 3 . Using spherical symmetry of the 
Schwarzschild solutions and the fact that the radial derivative of N is strictly positive in 
a neighborhood of infinity, this fall-off ensures that for any given level set E with N = N 
which lies suitably close to infinity there is a radius R such that S N(R) = N with a slight 
abuse of notation. This, the above fall-off behavior, the mean value theorem of calculus, 
techniques related to tubular neighborhoods and the exponential map of Riemannian geo- 
metry, well-known explicit formulae for the mean curvature of a level set as well as the 
transformation formula for integrals are the main ingredients for the proof of the corollary 
which is very technical but straightforward and which we will thus spare the reader. □ 



We will apply this corollary when treating photon spheres in Section |5.4| but only in a 
lower order version (H = 2/r + 0(r~ 2 ) and dN/du = M/r 2 + C(r -3 )). 
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3.4 Asymptotic Uniqueness in Geometrostatics 

The classic result of Theorem 13.2.51 states that static solutions to the vacuum Einstein 
equations possess very specific fall-off properties - a result which we have improved in the 
last section by extracting a higher order term in the "expansion at infinity". Our proof 
relied on methods including the theory of harmonic polynomials, the Kelvin transform, 
and the faster fall-off trick Theorem |1. 4. 10| In this section, we will extend these techniques 
and use them to prove two uniqueness results for geometrostatic systems. 

The first theorem we will prove states that the lapse function N of a geometrostatic 
system S := (M 3 , g, N, p, S) is unique given all other data. We will give an analytic proof 
of this theorem, here, and a geometric and/or physical proof in Chapter [5] The second 
theorem is in some sense complementary; it states that the metric is unique when all 
other data is given and a system of wave-harmonic coordinates is specified. Fixing these 
coordinates trivializes the isometry relating two equivalent geometrostatic systems and 
therefore simplifies concepts and notations. 

We will make use of the theory of harmonic homogeneous polynomials Hi m = r l Yi m , 
I = 0, 1, 2, ... , m = —I, . . . , I (where the Y\ m denote spherical harmonics) and of the 



Kelvin transform which we have already met in Section [L4J We refer the interested reader 
to |ABR92j for an introduction into this field. Within this section, we say that a function 
/ : M 3 — > R on a manifold M 3 with asymptotically flat coordinates (x k ) is analytic at 
infinity with respect to the coordinates (x k ) if the Kelvin transform K.[f o is analytic 
at the origin. Here, $ denotes the diffeomorphism corresponding to the coordinates (x k ). 

Theorem 3.4.1 (Uniqueness of N). Let S := (M 3 z g,N,p,S) andS := (M 3 ,g,N,p,S) be 
geometrostatic systems. Assume that both N and N are analytic at infinity with respect to 
a system of wave harmonic and asymptotically flat coordinates (x l ) outside some compact 
K C M 3 containing the support of the matter. Then N = N in M 3 \ K. If, in addition, 
(M 3 ,g) is geodesically complete and intK is diffeomorphic to a bounded domain in M 3 



having smooth boundan 1 ^ , then N = N holds in all of M 3 . 



Remark. Analyticity at infinity of both N and gij is a property geometrostatic systems 
are generally expectecp*] to possess in wave harmonic coordinates when the support of the 
matter is bounded away from infinity. Note that wave harmonic coordinates are natural 



candidates for analyticity statements by Theorem 3.2.1 We remark that this proof works 
whether or not the ADM-masses of the systems vanish - other than the geometric proof 
of the same fact which we will present in Chapter |5j 

Proof. By Theorem 3.2.5 , we know that N,N = l— M/r+Q (r~ 2 ) as r — > oo in each end Er 



of M 3 , where M = m ADM (E R )G / c 2 by Proposition |3.2.6[ This implies N — N = C(r" 2 ) 
We will show by induction that in fact 

N - N = 0(r- 2 ~ n ) for all n G N 



1 We need these conditions on K in order to deduce that elliptic Dirichlet boundary value problems are 

uniquely solvable in int K. 
15 cf. |KM95j and several remarks in the series of papers by Robert Beig and Walter Simon |Bei80, BS80a, 

USED- 
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as r — > oo. This then allows to give an argument based on the assumed analyticity at 
infinity and on ellipticity of the curvilinear Poisson equation to show that this indeed 
gives us N = N. 

So assume from now on that N — N = 0(r~ 2 ~ n *) for some < n*, set I* := n* + 1, and 
work in a fixed but arbitrary end of M 3 \ K. The vacuum static metric equations (3.8) in 
the given end for both iV and N imply 

9 A5N = (3.51) 
5N 9 Ric = 9 V 2 5N (3.52) 

where SN := N — N. Inserting the given asymptotics SN = 0(r~( l * +1 )) into the first one 
of these equations, we obtain 

5 A(5N) = 0{r- {l * +i) ) (3.53) 

as r — > oo in the given end. By the faster fall-off trick Theorem |1.4. 10 there must exist a 
harmonic polynomial p of degree d < I* such that SN = K, [p] + 0(r~( l * +2 >), where K, \p] 
denotes the Kelvin transform of p, cf. page 15. It therefore suffices to show that JC[p] = 
or, equivalently, that p = 0. By harmonicity, we can expand p into the canonical harmonic 
homogeneous polynomials {^ m } m =-/ i ...,/ which form a basis for the space of harmonic 
polynomials. This means we can write 

d I 

? = EE almHi ™ and k m = EE 



d l d I ^ lm 

1=0 m=—l 1=0 m=—l 



Imzj „„J ir r„l _ \^ \^ U 11 lm 

r 2l+l 



for some constants a lm £ K by definition of the Kelvin transform and homogeneity of the 
polynomials. It is easy to see that the induction hypothesis in fact ensures that only basis 
polynomials of degree I* appear in the linear combination. Thus, the above expressions 
simplify to 

<y m H 

p = a m Hi m and K. [p] = ^™ , 

where we have dropped the asterisk and the index I on the constants for convenience. 
Moreover, we have abused Einstein's summation convention by implicitly summing over 
pairs of one lower and one upper index m. Equation (3.52) can then be rephrased into 



(r 4 H lmAj + (21 + 1) [((2/ + 3)x iXj - rH^H^ - r 2 (H lm ^ + H lm ^] ) = (3.54) 



for all i, j = 1, 2, 3, where we have dropped the lower order terms as analytic expansions of 
identical functions must coincide at each order, individually. Before we go on, let us recall 
that homogeneity of the basis polynomials implies Hi m ^x k = lHi m and thus by induction 

Him,h...i p kX k = (/ - p)Hi mA „ Ap for all p £ N. (3.55) 



Now multiply Equation (3.65) by x % x 3 and obtain 

= (/(/ - 1) + (2/ + 1) [2(1 + 1) - 2/]) a m H lm = (I 2 + I + 2)a m #, 



lm- 



In consequence, we find a m Hi m = 0. By linear independence of the Hi m , we see that 
a m = must hold for all m = —/,..., /. By construction, this implies p = K, [p] = and 
thus the desired fall-off 5N = 0(r-^ +2 ^). " 
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This fall-off translates into the fall-off fC[5N] = 0{r l * +1 ). Analyticity of 5N now allows 
us to deduce that K,[5N] = and thus N = N in M 3 \ K. In case (M 3 , g) is geodesically 
complete and K satisfies the regularity conditions stated in the theorem, (linear) ellipticity 



of the static metric Equation (3.6) in wave harmonic asymptotically flat coordinates and 
iV = N on OK ensure uniqueness on the entire manifold M 3 by classical PDE theory 



□ 



Before we go on to formulate and prove uniqueness of the metric, let us remark that 
although we make use of ellipticity of the static metric equations for both theorems to 
extend uniqueness into the interior, uniqueness in a neighborhood of infinity is actually 
proven without recurrence to a Dirichlet boundary problem; in fact, we do not prescribe 
any data at the inner boundaries of the asymptotically flat ends but obtain uniqueness 
directly from the structure of the equations combined with asymptotic behavior. This 
will become even more clear in the geometric proof of the uniqueness of iV which we will 
present in Chapter |5j Back to the analytic approach, let us continue by stating the second 
uniqueness theorem. 

Theorem 3.4.2 (Uniqueness of g). Let S := (M 3 , g, N, p, S), S := (M 3 ,g,N,p,S) be 
geometro static systems with a common wave harmonic and asymptotically flat system of 
coordinates (x l ) outside some compact K C M 3 containing the support of the matter. 
Assume furthermore that both g and g are analytic at infinity with respect to these coordi- 
nates outside K. Then gij = g^ in all of M 3 \K (possibly) unless the ADM-masses of both 
metrics vanish. If, in addition, g and g are geodesically complete and the coordinates (x l ) 
can be extended into K as a global wave harmonic system of coordinates and if int K is 
diffeomorphic to a bounded domain in M 3 having smooth boundary^\ then g^ = g^ holds 
in all of M 3 whether or not the ADM-mass vanishes. 

Remark. The formulation that S and S should have a common wave harmonic and asym- 
ptotically flat system of coordinates (x l ) outside K , we mean that these coordinates make 



both systems asymptotically flat and that they satisfy Dx l = 

Proof. We first show that the claim holds in the case where m 
Theorems 3.2.5 and 3.2.6, we obtain N — 1 + 0(r~ 2 



ds 2 



Ux i 



m ADM {g) 

and thus also 771adm( 



0. By 
= 0. 



By rigidity of the positive mass theorem 2.4.3 and geodesic completeness, both (M 3 ,g) 
and (M 3 ,g) must be isometric to (1R 3 ,5), where 5 denotes the Euclidean metric on IR 3 . 



5) denote the respective isometries. 
5.1.1 the lapse function must satisfy N — 1 and 
in all of M 3 , where the □ and □ 



Here, : (M 3 , g) -> (R 3 ,5) and : (M 3 
Moreover, as we will see in theorem^ 
therefore □/ = Af and □/ = Af for all / : M 3 
operators correspond to the associated static Lorentzian metrics ds 2 and ds 2 , respectively. 
The wave harmonic coordinates (x l ) are thus in fact harmonic coordinates with respect 

The coordinate functions y l 



to both g and g by Lemma |3. 1.3 

yi m i ^ VTY— 1 



X 1 o \Er 



— )• 



: X % O VlT 

Euclidean space 



must thus be harmonic and asymptotic to each other in the 
5). This implies that there must exist a translation b G IR 3 and a 



16 cf. e. g. theorem 6.14 on p. 107 in )GT70j . 

17 Again, we only need these conditions on K in order to deduce that elliptic Dirichlet boundary value 

problems in K are uniqu ely solvable. 
18 Note that Theorem 5.1.1 does not logically rely on the theorem under consideration and can thus be 

applied, here. 
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rotation O G 0(IR 3 ) such that y % = Offi + b l - in complete analogy to the uniqueness 
statement in Theorem 2.3.2 This gives us 

9ij = 9{d x ^d x j) = 8(dyi,dyj) = 5(0~ 1 d yt ,0~ 1 d y j) = 8(d yi ,d y j) = g(d x *,d x j) = g iis 

in the case of vanishing ADM-mass. 



Now assume m > for the rest of this proof. Observe that by 3.2.5 and 3.2.6, g and g 
have the same ADM-mass m just as in the case where m — 0, and thus gij — gij = 
in every end of M 3 . We now intend to argue by induction that in fact 



as r — > oo. Combined with analyticity at infinity of both g^ and g^ and ellipticity of the 
static metric equations, this will give the desired result as we will see at the end of this 
proof. 

So assume for what follows that the induction hypothesis is true for some < n* e N 
and work in an arbitrary but fixed component of M 3 \ K. By induction hypothesis, we 
know that the difference g^ — g^ must a priori fall of as g^ — gij = 0( r - 2 - n *). We set 
/* := n* + 1 and Sgij := g^ — gij. Then Sg^ E (9(r - ( r+1 )). We can thus compute the 
quantities listed below in the common wave harmonic coordinates given by assumption 
and using Lemma 3.1.3 We obtain 



Ricjj 

Ux k 



-(/*+2)\ 



g ij + 6 ik 5 jp 5g kp + 0{r 
1% - b kp (Sg ip ,j + 5g jPti - 5g ijtP ) + 0(r~^) 



Ricjj +2$ kp ($9kp,ij + $gij,kp — dgipjk 



nx k + 5 ij 5 k P ( 25g . pj _ Sg 



Sgjk,i P ) + 0(r 
+ G(r-( r+3 )) 



(3.56) 
(3.57) 

(3.58) 

(3.59) 



where the tilde is used suggestively to distinguish the geometric quantities referring to g 
and g, respectively. Working in a vacuum exterior region now gives us the static metric 
and wave harmonic coordinates equations (cf. Lemma 3.1.3 and Equations (3.8)) 



iVRic,, 



V 2 -iV 



AN = AN 
and 

Dx k = Ux k 



N RiCij 



V 2 -N 



(3.60) 
(3.61) 
(3.62) 



Using our asymptotic considerations (3.56) through (3.59), these transform into 



25g ijt j x l - (tr 5g) :i x l + 2ti 5g - 6% 



x l x 3 r 



(tv5g) tij + S A(5gij) - 5g ik / - 6g jk / 
2S 9ij, 3 ~ (trtfflf),, 



0( r -C'+2); 
0( r -('*+4); 
0( r -C'+3); 



(3.63) 
(3.64) 
(3.65) 



where we have used the Kennefick-0 Murchadha result N = 1 — — + 0{r ) from 
and our above assumption M^O (and where indices have been raised and lowered and 



3.2.5 
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traces are taken with respect to the flat background metric 5). Contracting (3.65) by x l 
inserting the result into (3.63), and rewriting (3.64) using (3.65) leads to 

tr 5g - 3%iVr -2 = C(r" (p+2) ) 



s A(5 9i 



0(r 



(3.66) 
(3.67) 



respectively. By the faster fall-off trick 1.4. 10| the latter of these implies that Sgij can be 
rewritten as Sg^ = K, [py] + (9(r _(7 * +2 )) (with at least one derivative) for some harmonic 
polynomials Pij of degrees c?y < I* and satisfying p^ = p^. Thus, we find that 

9lJ -g lj -JC[p lJ }=0(r-^) (3.68) 







(with at least one derivative). To finish the induction step, we need to show that JC[py] 
for all i,j = 1, 2, 3. We do this now. 

As in the proof of Theorem 3.4.1 , we can write Pij cLS cL linear combination of the canonica 
basis {H lm } of harmonic homogeneous polynomials of degree / so that 



Pij 



Yl °$ H im and thus K [pij] =YY1 



a 



l in 



Hi r , 



1=0 m=-l 



1=0 m=-l 



l J r 2l+l 



for constants a 1 ?? G 
1 j 



with a 1 /™ 



a 



lm 



induction hypothesis, however, a 1 ™ = for all I < \r— 1 + n*] = n" 



1.4.6 



By our 



by definition of the Kelvin transform 

2 = 1*, all associated 
m, and all indices i,j = 1, 2, 3, and thus the linear combination reduces to 



K [p 



E 

m=—l* 



V r 2l*+l 



a? 



(3.69) 



where we have dropped the index I* on the constants a in order to simplify notation. 
Similarly, we will also drop the asterisk in what follows. Moreover, we will abuse Einstein's 
summation convention as in the proof of Theorem 3.4.1 In the same spirit as there, 
Equations (3.65) and (3.66) can be converted into the equations 



2r 2 a™H lm ;-r 2 a m H lm , 3 
3n ;';//,„../''./■' 



(21 + 1) [2a™H lm x l - a m H lm x 3 ] 



r 2 a m Hi 



lm 



(3.70) 
(3.71) 



using (3.68) and (3.69). In these equations, indices were again raised and lowered by 8 13 
and 5ij, respectively, and a m := a^S^ abbreviates the trace of the symmetric tensor 
( a Ii)i,i=i,2,3- Multiplying Equation (3.70) by x-> then gives 

2r 2 a%H lm y = 2(21 + - (I + l)r 2 a m H lm 



which combines with (3.71) to the useful equation 

Qa™H lm , l x j = (l- l)a m H lm . 



(3.72) 



We now take the Laplacian of Equation (3.71) and calculate with the aid of (3.55) that 



la m H, 



lm 
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so that, using Equation (3.72) as well as linear independence of {Hi m } r 



-L...J, 



we obtain 



Q 



for all m 



-/,...,/. We can thus simplify equations (3.70) and (3.71) to 
= (21 + 1)^^^ 



o. 



(3.73) 
(3.74) 



Let us now abbreviate ay := a^Hi m so that symmetric and trace-free tensor 

field on M 3 with entries that are harmonic homogeneous polynomials of degree /. In the 
new notation, (3.73) and (3.74) read 



r a; 



CL-ijX X 



(21 




1 ^ Qj ^ j Xi 



(3.75) 
(3.76) 



for all j = 1,2,3 and all x £ 1R 3 . These equations imply ay = by a symmetrization 
technique which we will now describe. First of all, the above two equations have the 
simple consequences that 



ay X 



dij,kp •£ ~\- Qik,p ~\~ &ip,k 









(3.77) 
(3.78) 
(3.79) 



for all j,k,p = 1,2,3 and all x £ K which arise through multiplying (3.75) by x 3 and 
using (3.76) as well as taking derivatives of the result in directions d k and d p , subsequently. 
Taking the fc-th derivative of both (3.75) and (3.76), we obtain 

2a ijt l x k + r 2 a ijt k = (21 + 1) {a ijtk x % + a jk ) 



@ j ij,k'£ 3C ~\~ ^CLifaX 



o 



(3.80) 
(3.81) 



for all j, k = 1, 2, 3 and all x £ 



3 . Antisymmetrization of (3.80) w. r. t. j and k implies 

(3.82) 



2 (aij^Xk — (ii k *Xj) + r 2 (ciij^ — a>ik,j) — (2£ + 1) (ay,fe — a jk,i) % 
which we derivate in direction d p and afterwards multiply by x 3 to obtain 

0>ij,kp3j ^ 2 (Ojpi k X -\- Cl^ pX (/ l)a^p^ 



(3.83) 



where we have used (3.75) through (3.80). Multiplying (3.83) by x p and using again (3.75) 
as well as (3.81 ), this leads to (21 + 3)ai k x l = so that 



Qj'i j X 








(3.84) 
(3.85) 



hold for all j = 1,2,3 and all x £ R , where we have again made use of (3.75). In other 
words, we have "taken the gradient" of equations (3.75) and (3.76). To finish proving 
ay = 0, observe that the fc-th derivative of Equation (3.84), the p-th derivative of the 
result multiplied by x 3 , and a subsequent use of (3.83) imply that 





Q'ij,k3' djk 



^ij,kp^ ^ 



pk 



(3.86) 
(3.87) 
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Together with (3.83), this gives ctij 
turn 



for all 



hJ 



1, 2, 3 and all 



x G 



R 3 which in 
ensures also 
and hence 



by definition of and again linear independence of {^ m } m= _^.. 
a™ = for all i,j — 1, 2, 3, m = —I, ...,/. In consequence, we find K, \pij j 
9ij ~ 9ij = 0(r~ 2 ~( n * +1 )) in every end of M 3 . 

By induction and by the assumed analyticity of — (jiy at infinity, we deduce that 
9ij — 9ij i n M 3 \ K. Now assume that int K is diffeomorphic to a domain in M 3 with 
smooth boundary OK. Then the above results can be reinterpreted to say that the Dirichlet 
boundary data for the functions gij and Tjij on OK must agree and it thus suffices to show 
that the Dirichlet problem for the static metric equations on K is uniquely solvable for 
the variables (gij)i,j=i,2,3- Again making use of the fact that the chosen coordinates are 

g Ax k 



wave harmonic, Lemma 



3.1.3 



tells us that -g l3 Y\ 



Njg kl /N and thus g^T^ can 



be seen to only depend on g^ and g^^ and not on second derivatives of the ends of the 
metric. It is then straightforward to see that 



? Ric 



1 



'j 



'A (g^ ) + zeroth and first order terms 



and that the static metric equations (3.5) become a quasi-linear elliptic system for the g^. 
The associated Dirichlet problem then has a unique C 2 '°(int K) (and thus unique smooth) 
solution (gij)ij=i,2,3 inside int K by classical PDE theory 19 which completes our proof. □ 



10 



cf. e. g. theorem 6.14 on p. 107 in |GT70j . 
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In the last chapter, we have introduced and studied the theory of geometrostatics mo- 
deling static isolated gravitational systems. In this chapter, we will now introduce the 
so-called "pseudo-Newtonian gravity" , a conformal variant of geometrostatics very useful 
for physical considerations and for the Newtonian limit as we will see in this chapter and 
the following ones. In Section 4.1, we will define pseudo- Newtonian systems, study their 
elementary properties, and translate the well-known facts on geometrostatics as well as 
the asymptotic considerations concerning uniqueness and the center of mass from geome- 
trostatics to the pseudo-Newtonian setting. 

In Sections 4^ and 4J3 we will prove explicit quasi-local formulae for the asymptotic 
quantities of ADM-mass and ADM/CMC/intrinsic/asymptotic center of mass, respective- 
ly. As they resemble the quasi-local Newtonian expressions for mass and its center, we 
will call them pseudo-Newtonian mass and center of mass, respectively. These notions 
will allow for simple addition formulae which are analog to the well-known Newtonian 
ones (Theorems 4.2.5, 4.3.6) and many more physicogeometric insights which we will pre- 



sent in Chapter 5} Moreover, these formulae tremendously facilitate the Newtonian limit 
considerations we are aiming at and will therefore be reencountered in Chapter |6j 



4.1 Pseudo-Newtonian Gravity 



The lapse function N appearing in geometrostatics is in many respects similar to the 
(Newtonian) potential U in the Newtonian theory of gravity: It satisfies a Poisson equation 



relating it to the matter content of the system (cf. Equation (3.6)), its level sets foliate 



the end(s) of 3-space (cf. Lemma 3.2.7) and are asymptotically approaching round spheres 
centered at the center of mass (cf. Corollary 3.3.4[ ), and its asymptotics allow to read off 
the total mass and the center of mass of the system (cf. Theorems 3.2.5 and 3.3.1 ). In this 
and the following chapters, we will encounter even more similarities in spirit between N 
and U like e. g. the fact that their level sets are surfaces of equilibrium (cf. Section |5\3j ). 
These analogies could now lead one to the hypothesis that iV might be a good relativistic 
replacement of the Newtonian potential U and "converge" to it in the Newtonian limitj^] 
- a hypothesis that is not fully valid but will lead us to the study of so-called "pseudo- 
Newtonian systems" . 

As an intuitive example of why N cannot converge to the Newtonian potential in the 
Newtonian limit consider the Schwarzschild metric with positive mass m in isotropic coor- 
dinates such that 

< i ( mG \ ( mG 
N(p) = ' 



2r(p)c 2 



2r(p)c 2 



*For a more precise formulation of the Newtonian limit, cf. Chapter |6j 
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as calculated on page 35 1. Now the Newtonian limit c — > oo would imply iV — > 1 globally 
in the domain of the coordinates which does not contain any information and should thus 
not be considered as the Newtonian potential of any Newtonian system "corresponding" 
to the Schwarzschild system under consideration. In fact, a simple unit comparison already 
shows that the lapse function must have unit 1 while the Newtonian potential must have 
unit velocity squared. 

However, we will see in Chapter [6] that the related function U := c 2 \nN does converge 
to the Newtonian potential of a "corresponding" system under the Newtonian limit and 
we remark that U does indeed have the appropriate unit of velocity squared. Obviously, U 
has the same level sets as N and in fact inherits all analogies to the Newtonian potential 
described above from N. In particular, the fall-off behavior of U is even more similar to 
the one of the Newtonian potential, as we will see below. 

The function U = c 2 In iV is well-known in the study of static relativistic systems and 
is usually referred to as the "potential" of the system. We will follow this convention but 
will add the qualifier pseudo-Newtonian to prevent misunderstandings. Together with this 
potential, both mathematicians and physicists commonly study the conformally transfor- 
med 3-metric 7 defined by 7 := N 2 g, which we have already encountered when dealing 



with wave harmonic coordinates, cf. e. g. |KM95} IReilOj and Lemma 3.1.3 We will call 7 
the pseudo-Newtonian metric of the geometrostatic system in what follows. As iV — > 1 in 
the Newtonian limitj^J we can reasonably expect that 7 and g have the same Newtonian 
limits and thus information is neither lost nor gained by this transform. 

Returning to the geometrostatic setting, let us now study how the relevant facts and 
equations transform under a change from the geometrostatic perspective to the pseudo- 
Newtonian one. A straightforward computation tells us that if S = (M 3 , g, N, p, S) is a 
geometrostatic system, the corresponding pseudo-Newtonian quantities U and 7 satisfy a 



conformally transformed version of the static metric equations (3.7) which reads 

= 47TG I ^77 + 71 r ' S 



e 2c-*U c 2 



(4-1) 

7 Ric = - i dU®dU+ ^(S- 7 trS 7 ). 



c* c 
In vacuum, these equations reduce to 

7 Af/ = 

7 Ric = ^dU®dU. 
c 4 



(4.2) 



We call these equations the pseudo-Newtonian static metric equations or the equations of 
pseudo-Newtonian gravity (pNG) for U and 7. We choose the name "pseudo- Newtonian" 
(and consider just this transform) mainly by reason of the similarity of the first of the 
pseudo-Newtonian equations to the Newtonian equation AU = AnGp and because the 
metric 7 singles out the wave harmonic coordinates of the Lorentzian 4-metric as its own 

2 a fact which we have explained above for the Schwarzschild example and which will follow in general 
from our considerations in Chapter [6] 



57 



4 Pseudo-Newtonian Gravity 



harmonic coordinates (cf. Lemma 3.1.3) which - together with some facts we will prove 



in Chapter p\ like the second pseudo-Newtonian law of motion 5.2.4 - also suggests that 7 



has physical relevance. Moreover, the behavior of (4.1) under the Newtonian limit which 



we will discuss in Chapter M indicates that it is worthwhile and physically significant to 



study this conformal transform. Heuristically speaking, the system (4.1) indeed reduces to 
the Newtonian equation AU = AnGp when we take its Newtonian limit anticipating that 
7 and U will converge to the flat metric and the Newtonian potential, respectively. 

From an analytic point of view, observe that while the original static metric equations 



(3.7) are linear in N both in vacuum and in the presence of matter, the pseudo-Newtonian 
ones contain the quadratic expression dU ® dU even in vacuum. In addition, the Ricci 
tensor, which is coupled to the Hessian of N in the original equations, is only coupled to 
first order derivatives of U after the conformal transformation. This is another important 
reason for considering the pseudo-Newtonian version of the static metric equations. 

Having discussed the transformation behavior of the equations, let us now for conveni- 
ence define a notion of "pseudo-Newtonian systems" . 

Definition 4.1.1. Let Spn '■= {M 3 , 7, U, p, S) be a solution of the equations of pseudo- 



Newtonian gravity (4.1 ) and let k G N, k > 3, and r > 1/2 such that — r is non-exceptional 
(i. e. r ^ Z). We call Sp^ a (k,r) -pseudo-Newtonian system if, in addition, the following 
conditions hold: 

(i) (M 3 ,7) is &(k,q= 2, r)-asymptotically flat manifold 

(ii) U(p) — y as p — > 00 in each end of M 3 . 

(iii) p > 0, S > 0, and the supports of p and S are bounded away from infinity. 

As always, we will call Spn a pseudo-Newtonian system for short if k and r are either clear 
from context or arbitrary. Moreover, if we are concerned with a vacuum solution (i. e. if 
p — 0, S — 0), we call (M 3 ,7, U) a vacuum pseudo-Newtonian system for simplicity. 
Pseudo-Newtonian ends are defined accordingly. 

The following proposition describes the relation between geometrostatic and pseudo- 
Newtonian systems and therewith justifies the above definition. It will implicitly accom- 
pany us throughout the remainder of this thesis. 

Proposition 4.1.2. Let k e N, k > 3 and letr > 1/2 such that — r is non-exceptional. Let 
(M 3 ,g) be a smooth Riemannian 3- dimensional manifold, N : M 3 — >• R a smooth positive 
function, p : M 3 — y M. a smooth non-negative function, and S a smooth and positive semi- 
definite (0,2) -tensor field on M 3 . Assume furthermore that < K^ 1 < N < K < 00 on 
M 3 for some K E R. Set 7 := N 2 g andU := c 2 lniV. ThenS = (M 3 ,g,N,p,S) is a (k,r)- 
geometro static system if and only if the corresponding system Spn := (M 3 , 7, U, p, S) 
is a (k,r) -pseudo-Newtonian system. In particular, the asymptotic flatness is exhibited in 
the same systems of coordinates (if it is exhibited). 

Remark. By definition, the Riemannian manifold (M 3 ,g) coming from a geometrostatic 
system must either be geodesically complete or an individual end and thus diffeomorphic 
to a cylinder M. 3 \ B where one end of the cylinder corresponds to "infinity" while the 
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other one corresponds to the "inner boundary" dB. From the boundary values N — > 1 
as r — > oo and the requirement that iV > in M 3 , we know that N is automatically 
bounded below if the metric is complete. Moreover, by the maximum principle^] for the 
elliptic partial differential inequality 

. AttG ( strS\ 
AN=— N p+-r >0, 



c 2 V c 2 / 



arising from the static metric equations (3.7) and in view of the boundary values N — > 1 as 
r — > oo, N is also bounded from above in that case. If, however, the system is an individual 
end, the assumption < K~ x < N < K < oo does impose a restriction. Namely, as iV > 
in M 3 and N — > 1 as r — > oo also in that case, the assumption excludes ends where 
N(p) or N(p) — > oo as p approaches the inner boundary. 

This is not only technical but also has physical meaning: Recall that iV was defined as the 
length of the timelike Killing vector field X providing staticity. A surface on which N = 
holds thus constitutes a so-called "Killing horizon" in the sense that the static Killing 
vector field becomes lightlike there. Killing Horizons are closely related to black holes. An 
example for a static spacetime with a Killing horizon is provided by the Schwarzschild 
metrics, cf. page [35| f. We are thus assuming here that possible horizons have been cut out 
when we are performing the conformal transform. In other words, the pseudo-Newtonian 
approach breaks down in a neighborhood of a horizon. 

Proof. First of all, it follows from a straightforward computation relying on the well-known 
formulae for conformal transformations^] that S satisfies the static metric equations on 
M 3 if and only if S PN satisfies the pseudo-Newtonian ones there. Also, as N > K~ l > 0, 
(M 3 ,7) is geodesically complete if and only if (M 3 ,g) is. Furthermore, — oo < —ln.fr < 
U < \nK < oo holds on M 3 . Assume now that (x l ) is a system of coordinates for an end 
E 3 of M 3 . Then (g^) is uniformly positive definite and bounded for some constant /i > 
or in other words 

for all (6l 3 holds on E 3 if and only if the same is true for (7^) and the constant Ji := K\x. 
Moreover, we have #y — 8ij G W^{E 3 ) for all i,j = 1, 2 , 3 if and only if 7^ — Sij G 



W^(E 3 ) for all i, j = 1, 2, 3 as N- 1 G W^ 1 ' 2 ^ 3 ) by |3.2.5| and by the Holder inequality 
and because U G W k _'^ 1)2 {E 3 ) follows from the pseudo-Newtonian equations (4.1) and 



1.20 



the boundary condition U — > as r — > 00 just as iV — 1 G W^ 1,2 (E 3 ) follows from the 
static metric equations (3.7) and the boundary condition iV — > 1 as r — > 00, a fact which 



is proven and explained in Daniel Kennefick and Niall O Murchadha's article [KM95] . We 



therefore see from Definition 2.3.1 that (E 3 ,g) is a (k, q = 2, r)-asymptotically flat end 
with respect to the coordinates (x l ) if and only if (E 3 , 7) is (where we have suppressed the 
associated diffeomorphisms $ for ease of notation). Secondly, from In 1 = we see that 
iV — > 1 is equivalent to U — » in any end of M 3 and this finishes our proof of the desired 
equivalence. □ 



3 cf. Theorem 17.1 in |GT70j . 
4 cf. e. g. pp. 105 in |Wil93j . 
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Example: Pseudo-Newtonian Schwarzschild Solutions 

Before we go on by carrying over the well-known facts on and the asymptotic properties 
of geometrostatic systems collected in Chapter [3j it is useful to calculate the pseudo- 



Newtonian equivalent of the Schwarzschild example introduced on page 35 1 which we will 
now do. So let us summarize the explicit expressions for the pseudo-Newtonian potential 
m > s U = c 2 \n( m,s N) and the associated metric m,S 7 := m > s N 2m > s g f or the Schwarzschild 
family in wave harmonic coordinates (y l ) with s := a/ (y 1 ) 2 + (y 2 ) 2 + (y 3 ) 2 - Dropping the 
explicit reference to the mass parameter m, we find that 



IK? 

(l-M/r)(^or) 4 



ln(l + 



M. 



1 + M/r 



^% + 2sijij'^f + s 2 (ij') 



(4.3) 
(4.4) 



from (3.12) th rough (|3.22[) , where again M = mG/c 2 , <p(r) = l + M/2r, r(s) = sip(s), and 
V>(s) = (1 + s/l - M 2 /s 2 ))/2. It is now immediate that the pseudo-Newtonian versions of 
the members of the Schwarzschild family constitute vacuum pseudo-Newtonian systems. 

Proposition 4.1.3. Let m > 0, k e N, k > 3, r > 1/2 such that — r is non-exceptional. 
Let M* > M where M := mG/c 2 as before. Then the pseudo-Newtonian Schwarzschild 
system Spn '■= (EM*{0), m ' s 1, m ' s U) is a (k,r) -pseudo-Newtonian system with structure of 
infinity given by the m,s 'j -harmonic coordinates (y l ). 



Proof. This follows from Propositions 3.1.6 and 4.1.2 using Lemma 3.1.3 



□ 



As before, we will drop the label m on the Schwarzschild metrics whenever no confusion 
can arise. In what follows, we will be happy to be able to make use of the asymptotics 



'U 



mG 



+ 0{r~ 



1 - 



2M 2 XjXi 



+ 0(r~ 



(4.5) 
(4.6) 



which can be straightforwardly computed from (4.3) and (4.4) using harmonic coordi- 



nates and analyticity at infinity of the relevant expressions. They directly correspond to 
the geometrostatic expansions (3.23) and (3.24). Moreover, they suggest that 5 7 has va- 



nishing ADM-mass. The expansions are very similar to the Newtonian situation where 
U = —mG/r + 0(r~ 3 ) ("no gravitational dipoles") and 7^ = dij in Cartesian (and thus 
7-harmonic) coordinates. 



Properties of Pseudo-Newtonian Systems 



Let us now return our attention to general pseudo-Newtonian systems and first of all define 
their mass and center of mass in consistence with the ADM-mass and the ADM/CMC/ 



intrinsic/asymptotic center of mass discussed in Sections 2.5 and 3.3 
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Definition 4.1.4 (Mass and Center of Mass). Let Spn = (E 3 , 7, U, p, S) be a (k,r)- 
pseudo-Newtonian end. Then the physical mass iti^Spn) of Spn is defined as the ADM- 
mass of the corresponding geometrostatic system S = (E 3 , g, N, p, S), 

m(S PN ) := m A DAi(E 3 ,g). 

If m(SpN) 7^ 0, r > 1/2, and (x l ) is a system of asymptotically flat harmonic coordinates 
for 7, then the physical center of mass with respect to these coordinates, z(Spn) G R 3 , is 
defined as 

z(S PN ) :=z A (E 3 ,g), 



where the latter is the asymptotic center of mass defined in 3.3.1 



We can now characterize the fall-off behavior of pseudo-Newtonian systems by carrying 
over that of geometrostatic systems to the present situation. This gives the following 
theorem. 

Theorem 4.1.5. Let Spn = {E 3 , 7, £/, p, S) be a (k,T)-pseudo-Newtonian end, and let 
(x l ) be a system of 7- harmonic asymptotically flat coordinates in E 3 . Let m denote its 
physical mass. Then we have 



U + 



mG 



Si 



e W k _+f +1) (E 3 ) 



(4.7) 



for all i,j = 1,2,3. Moreover, if m 7^ ; r > 1/2, and z denotes the physical center of 
mass of Spn, it holds that 



U- b U + 



mGz ■ x 



e W 



fc+1,2 

-(r-e+2) 



7y- lij 



e W 



k,2 
(r-e+2) 



(E 3 
(E 3 



(4- 



for all i,j = 1, 2, 3 and all < e < r — 1/2, where 5 7 and U are the pseudo-Newtonian 
Schwarzschild metric of physical mass m and the associated potential, respectively. 



Remarks. There are two points which we would like to remark. Firstly, the fall-off in (4.7) 
could equally well be written as U - S U G W^ T+1) (E 3 ) and 7^ - %j G W*? +1) (E 3 ) by 
the above expansions (4.5) of S U and (4.6) of 5 7 although the version printed above is 
more explicit. Secondly, it is worth noting that 7^ actually does not contain a center of 
mass term. Differently put, the physical center of mass only shows in the potential in the 
pseudo-Newtonian setting. 



Proof. The first claim follows from Theorem 3.2.5 Proposition 4.1.2 , the Schwarzschild 
fall-off (4.6), and from analyticity of the logarithm in a neighborhood of the number 1 

2/3 



with power series 



, /-, a P 
ln(l + - + ^ 



0(r- 3 )) 



a 



+ 



a 



2r 2 



0(r 



as r — > 00 when we apply the Holder inequality (1.20) and the embedding theorems listed 
in Section 11.41 The second statement follows in a similar manner from Theorem 13.3.11 □ 
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In analogy to the expansion (4.6) for the Schwarzschild example, the above theorem 



suggests that the ADM-mass of any pseudo-Newtonian metric 7 should vanish. Intuitively, 
we can restate this as saying that the ADM-mass of the given end is "transported away 
from infinity" by the conformal transform. This idea is accurate as the next lemma states. 
Observe that the lemma does not contradict the fact that the geometrostatic (physical) 
metric g can have non- vanishing (physical) mass which indeed shows in the — ^ term 
of the expansion of the pseudo-Newtonian potential U as it would do in the Newtonian 
setting. In contrast, the lemma just claims that the physical mass does not show in the 
first order term of the expansion of 7 as it does in the first order term of the expansion of 

9- 

Lemma 4.1.6. Let Spn = (E 3 , 7, U, p, S) be a pseudo-Newtonian end. Then its ADM- 
mass m,ADM{E 3 , 7) vanishes. 



Proof. The ADM-mass of (E , 7) is well-defined by Lemma 4.1.5 and by Theorem 



2.4.2 



Now use asymptotically flat 7-harm onic c oordinates (x 4 ), set pij := 7^ — 5ij, and note 



-(r+i) 

ADM-mass, we have 



that G W_f T+l s(E 3 ) by Theorem 4.1.5 for all i,j = 1,2,3. Then by definition of the 



m ADM (£ 3 ,7) 



16ttG 



lim / (7^ - 7^) v\ da 5 



77 li m 

167TG r->oo 



Lemma [4.1.5| r>0 



(paj — pij,i) — dag 

V v ^ 



□ 



Pseudo-Newtonian Uniqueness Properties 



In Newtonian gravity, the potential U of a compactly supported matter distribution is 
uniquely determined by the matter density and the normalization U — )■ as r - >■ 00, a 
well-known fact which follows from elliptic PDE theory. Just as for geometrostatic systems 



(cf. Theorems 3.4.1 and 3.4.2), the "same" actually holds true in pseudo-Newtonian gravity 
in the following sense. 

Theorem 4.1.7 (Uniqueness off/). Let S PN := (M 3 ,7, U,p, S), Sr7 N := (M 3 , 7, U, p, S) 
be geodesically complete pseudo-Newtonian systems. Then U = U in all of M 3 . 



Remark. If the systems in Theorem |4.1.7| consisted of individual ends, only, a similar 
argument shows that U — U if we assume that both U (p), U{p) — > — 00 as p approaches any 
inner boundary - an assumption which is reasonable as it corresponds to N(p), N(p) — > 0, 
making the boundary a Killing horizon^] 



3 Recall that N is the length of the static Killing vector field and cf. the remark on page 58 
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Proof. The equations of pNG ( |4.1| ) imply that dU <g> dU = dU <g> dC7 in all of M 3 so 
that U = ±U + const. The constant must vanish as both U and U are normalized to 
at infinity and thus U = ±U. Assume U ^ U (so that U = —U) and let m, fh denote 
the respective physical masses. Observe that the asymptotics of U, U given by Lemma 
4.1.5 imply m = —fh. The positive mass theorem 2.4. 3| applied to the corresponding 



geometrostatic systems now gives uqj m = fh = so that by rigidity g and g must be flat 
and M 3 must be diffeomorphic to 1R 3 . In particular, we must have p = by the trace of 
the static metric equation = 9 R = IQnGp/c 2 . By the pseudo-Newtonian equations, it 
follows that 7 A£7 = — 7 A£7 = ±47rG 7 trS' and therefore we know that 7 trS' = and thus 
U (and hence also U) must be 7-harmonic on all of M 3 . As M 3 is diffeomorphic to M 3 , 7 



is asymptotically flat, and U — > as r — > 00, it follows from Section 1.4 that U = and 
thus also U = U = 0, a contradiction. □ 

Just as in the geometrostatic setting, the "complementary" statement also holds true. 

Theorem 4.1.8 (Uniqueness of 7). LetS PN := (M 3 , 7, U, p, S), S^ N := (M 3 , 7, U, p, S) be 
pseudo-Newtonian systems with a common global harmonic and asymptotically flat system 
of coordinates (x l ) outside some compact K C M 3 containing the support of the matter. 
Assume furthermore that 7, j, and U are analytic at infinity with respect to these coordi- 
nates outside K. Then 7^ = 7^ in all of M 3 \ K (possibly) unless the physical masses of 
both metrics vanish. If, in addition, 7 and 7 are geodesically complete and the coordinates 
(x l ) can be extended into K as a global harmonic system of coordinates and if int K is 
diffeomorphic to a bounded domain in IR 3 having smooth boundary^ then 7^ = 7^ holds 
in all of M 3 whether or not the ADM-mass vanishes. 

Proof. We will work in the corresponding geometrostatic systems. Recall that harmonic 
coordinates with respect to a pseudo-Newtonian metric 7 are wave harmonic with respect 



to the corresponding geometrostatic metric by Lemma 3.1.3 The fact that both systems 



Spn and Spn have the same potential now gives us iV = N and we are therefore back in 



the case of Theorem 3.4.2 as analyticity carries over and because g and g must be complete 
metrics whenever 7 and 7 are complete, respectively. We therefore obtain that = ~g^ 
and thus again 7^ = 7^ in all of M 3 \ K or M 3 , respectively, due to N = N . □ 



4.2 The Pseudo-Newtonian Mass 

Isolated systems or in other words asymptotically flat Riemannian 3-manifolds have a 
well-defined global or "total" mass, namely the ADM-mass. As we have seen, this mass 
arises as a "surface integral at infinity" or in other words as a limit of surface integrals 
where the surfaces are coordinate spheres with radii tending to infinity. Although the 
surface integrals can already give the correct value for finite radii outside the support of 
the matter in special cases, e. g. for Schwarzschild metrics (static vacuum and spherically 
symmetric metrics, cf. pp. [35]ff), it will in general not do so. Intuitively said, this is due to 
the curvature present even outside the support of the matter, cf. Section 5 in |Bar86j . 



6 It is applicable as the scalar curvatures satisfy 9 R = 9 R = 16nGp/c > by Equation (3.3). 
7 Again, we only need these conditions on K in order to deduce that elliptic Dirichlet boundary value 
problems in K are uniquely solvable. 
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This, however, is not particularly satisfying from a physical point of view as one would 
not expect the vacuum region outside a nisolated star or galaxy to contribute to its mass 
which should be a property of the star or galaxy itself and should not depend on its 
exterior. On the other hand, Albert Einstein's formula E = mc 2 hints to a reason why 
mass (or rather energy) cannot in general be a property of the star or galaxy (or, as a 
matter of fact, of any other relativistic system) alone, since (classically put) the kinetic 
energies of material bodies and possibly also of black holes and gravitational waves enter 
the game. 

In the case of static systems, though, this kinetic energy is not present. One can therefore 
hope to find a notion of mass in the static realm that is purely local in the sense that it 
does not depend on the exterior of the isolated body B the mass of which we would like 
to describe but allows to read off the total (ADM-)mass already in the finite regime. In 
analogy to Newtonian gravity, one could even hope for a volume integral expression like 
f B pdV integrated over (the support of the matter of) the body B to give its total mass. 
This is too optimistic in general as the body might be a black hole so that singularities 
and other non-classical effects can occur. But the idea of such a volume integral expression 
leads us to a surface integral expression that can be evaluated at any surface enclosing 
the body (giving the same value) and thus being fairly close to the intuitive expectations 
described above. 

In addition to clarifying the physical meaning of the ADM-mass, this surface integral 
or "quasi- local" definition of mass will be helpful for dealing with the Newtonian limit, 
cf. Chapter |6j Let us begin by recapitulating the Newtonian situation in a heuristic manner. 
If U : IR 3 — > K is the Newtonian potential of a given matter distribution p : IR 3 — » IR^~ with 
compact support - which means that U satisfies the Poisson equation 

AU = AnGp in IR 3 , U -»■ as r oo, (4.9) 

- then the total (Newtonian) mass is usually defined as 

Tfi]\f '.— / pdp = / pdp, 



where dp is the ordinary Lebesgue measure on IR 3 and Q C IR 3 is any domain in 



containing the support of the matter density p. With the aid of the Poisson equation (4.9) 
and the divergence theorem, this can be converted into 

Wjv = — ^ [ AU dp = — '— - / ^-do 
AttG J AttG J dv 

if the boundary of Q is sufficiently regular and v and da denote its outer unit normal 
and surface measure, respectively. We can turn this argument upside down and define a 
quasi-local Newtonian mass m^E) by 
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on any smooth orientable surface £ C M 3 with again v the outer normal and da the 
surface measure of £. The above argument shows that mAr(S) = whenever E encloses 
the support of the matter (meaning that £ is a topological sphere the outside of which is 
a vacuum asymptotically flat end). Note that this expression is purely geometric and we 
can thus directly translate it into pseudo-Newtonian gravity as follows. 

Definition 4.2.1 (Quasi-Local Pseudo-Newtonian Mass). Let (E 3 , 7, U, p, S) be a pseudo- 
Newtonian end. For any smooth orientable surface Ec£ 3 with outer unit normal v and 
surface measure do both induced from 7, define the pseudo- Newtonian quasi-local mass 
by 

mp N {h) := — — / — — da. 



AttG J du 

E 

Remark. The integral f s ^ da := lim^oo J g2 ^ da is well-known as the Komar 
mass of the system, cf . Arthur Komar's original work [Kom59] . 

And indeed we can see that this pseudo- Newtonian mass is independent of the surface 
if the surface encloses the support of the matter just as in the Newtonian case. 

Proposition 4.2.2. Let Sp^ = (E 3 , 7, Z7, p, S) be a pseudo-Newtonian end and let Sj C 

E 3 , % — 1,2, be smooth surfaces with outer unit normals Vi and surface measures dai both 
enclosing the support of the matter. Then mp7v(£i) = mp7v(S2). 

Proof. Let (x l ) be a system of asymptotically flat coordinates for E 3 and let R > be so 
large that Sp does intersect neither Ei nor E 2 and does enclose the support of the matter. 
Let v and da denote the outer unit normal and surface measure of Sp, respectively, and 
let fli denote the cylindrical domain enclosed by £j and Sr. We calculate 

= J AUdp div ^ hm ' J ^-da - f ^da t for i = 1, 2 

fdU, fdU, 
/ — — dai = / — — da 2 



J dv\ J du 2 

Ei E2 

which proves the claim. □ 

As announced above, the pseudo-Newtonian mass of a surface enclosing the support 
of the matter agrees with the physical mass of the system or in other words with the 
ADM-mass of the corresponding geometrostatic metric. This is a direct consequence of 
the above proposition in combination with a result by Robert Beig |Bei78j who proves 
that the Komar mass agrees with the ADM-mass for stationary and so in particular for 
static metrics. In the static case, though, an easy direct argument works, so we prefer to 
give our own proof of this fact. 

Theorem 4.2.3. Let Spn = {E 3 1 r ) 1 U ) p, S) be a pseudo-Newtonian end with physical 
mass m = rriADM(E 3 , g = e~ 2V l c 7) and let £ C E 3 be any smooth surface enclosing the 
support of the matter. Then m = mAp>M{E 3 , g) = mpAr(E) holds irrespective of the specific 
position and form o/E. 
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Proof. We know from our asymptotic considerations in Theorem 4.1. 5| that U and 7^ can 



be expanded as U + ^ G Wt.^JE 3 ) and 7^ — 5^ G WO r+1 Ji? 3 ) in asymptotically 
flat 7-harmonic coordinates. On any large coordinate sphere S^, this implies v k 



5,,k 



w 



fc,2 
(r-e+1) 



(E 3 ) and da - da s G W*'?_ £+1 JE 3 ) for all < e < r/2 by the multiplication 



theorem |1.4.3| and thus in the suggestive notation introduced in Section |3]3 



dU 



da 



si 



si 



EH 



mG 



mGxi 
R 3 

1 



4- W k ' 2 



(£ 3 



R 



+ W k * +1) (E*))da 



-(r-s+l) 



da 



W k ' 2 

VV -{r-e+2) 



(E 3 ) ) da 



S' 2 



S' 2 



47rmG + W 



k,2 
(r-2e) 



(E 3 



In consequence, we find that 



m PN (T) 
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m PN (S 



by def. 



4nG 



—da™ 

dv R^'oa AnG 



lim 



dU 
dv 



da 



see above / Tjrk,2 / ttt3 

= hm [m+W'f „ Jiv 



??? 



which proves the claim. □ 

According to the rules of conformal transformation, we can translate the definition 
of pseudo-Newtonian mass so that is can be stated in the language of geometrostatics, 
directly. The result is formulated in the following corollary. It will become useful in the 
proof of the static positive mass theorem and in the proof of photon sphere uniqueness, 
cf. Chapter [6] for both of them. 

Corollary 4.2.4. Let (E 3 , g, N, p, S) be a geometro static system and let 7 and U denote 
the corresponding pseudo-Newtonian metric and potential, respectively. Then we have 



dU , 
— — a<T 7 



dN , 
d$v 



and therefore 



m ADM (E 3 ,g) 



c 



dN 



AnG J dW d ° 9 
s 

for any smooth surface S enclosing the support of the matter. 



Proof. Immediate from 4.2.3 by a direct computation. □ 

We have hence found a notion of quasi-local mass in geometrostatics - or rather in 
pseudo-Newtonian gravity - that accommodates the intuitive expectations described abo- 
ve. The pseudo- Newtonian mass will remain well-defined even if the matter does not have 
compact support but falls off suitably fast as r approaches infinity, but will then clearly not 
deliver the full ADM-mass on any finite surface. Nevertheless, it will continue to constitute 
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a physically relevant and analytically useful quasi-local concept of mass. In particular, it 
is non-negative and monotone with respect to inclusion by the divergence theorem and 
by 9 AN = 4nGc- 2 N (p + HiSc~ 2 ) > or ?AE/ = AnG {pe~ 2c ^ u + ^tr^cr 2 ) > 0. It is 

zero for the flat spacetime and agrees with the ADM-mass in the limit of the coordinate 
spheres, and it is exactly the mass parameter in the spherically symmetric (Schwarzschild) 
setting and thus satisfies many of the criteria both Demetrios Christodoulou and Shing- 
Tung Yau |CY88] and Robert Bartnik [Bar95j have suggested for a quasi-local notion of 
mass albeit only in the static asymptotically flat setting. 

The pseudo- Newtonian mass has another practical property analogous to the Newtonian 
mass: The masses of separate bodies can be added. This is again due to the divergence 
theorem. 

Theorem 4.2.5. (Addition of Mass) Let Spn = (-E 3 ,7, ^ p, S) be a pseudo-Newtonian 
end with physical mass m and let C E 3 , i = 1,2, . . . , I be a finite number of non- 
interesecting smooth orientable surfaces not contained inside each other and together en- 
closing the support of the matter (i. e. each component of the support of the matter is 
enclosed by one of the surfaces and none of the surfaces is enclosed ("shielded from infi- 
nity") by any other one). Then 

i i 

: = y^m PAf (S i ) = m. 

i=l i=l 

Proof. By assumption, there is a domain Q C E 3 in which p, S = and the boundary of 
which consists of all the and of "infinity" (or any large coordinate sphere S^) - imagine 
Q to look like a pair of trousers with I legs. We have 



4 = 1 1=1 g 



div. thm 



dv 

i 

— da 
dv 

a s% 

+ AirGm 



which we proves the claim. □ 

We close this section by remarking that the pseudo-Newtonian mass seems to be a good 
tool for attacking problems in geometrostatics. Some examples of its usefulness will be 
provided in Chapter [5j 



4.3 The Pseudo-Newtonian Center of Mass 

Arguing similarly as we did above for the mass, it would be desirable to have a quasi-local 
(surface integral) expression for the center of mass which gives the exact answer already 
in a vicinity of a material body or black hole. This would not only be useful for technical 
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considerations but also give intuitive and physical insight into and justification of the 



definitions of center of mass described above, cf. Section 2.5 To define such a notion will 



be our goal in this section. We will again imitate the Newtonian situation and begin by 
describing it. As above, let U be the Newtonian potential for a mass distribution p, assume 
that the Newtonian mass of the system does not vanish, and let (x l ) denote Cartesian 
(and thus in particular harmonic) coordinates on IR 3 . Then the Newtonian center of mass 
z N = (zjf, z%, z%Y e IR 3 is defined by 

px k dp = / px k dp, 



m N j m N 



n 



where again dp denotes the Lebesgue measure on IR 3 and Q C IR 3 is any domain enveloping 
the support of the matter. By the Poisson equation for the Newtonian potential and 
Green's formula, this can be rephrased into the geometric expression 



AUx k dp = — ^ / [ ^x k - U 8 ^ ) da 



4irGm N J ' AnGm N J \ dv dv 

n so, 



as Ax k = 0, whenever Q has smooth boundary and v, da are as above. Observe that if dQ 
were a regular level set of U, the second term on the right hand side of the above equation 
vanishes by as 

,dx k , f dx k 



U—da = U / — da = U / Ax k da = 
dv J dv j 

an an n 

holds by the divergence theorem. We put the cart before the horse and define the pseudo- 
Newtonian center of mass in analogy to the above quasi-local surface integral expression. 

Definition 4.3.1 (Quasi-Local Pseudo-Newtonian Center of Mass). Let (E 3 , 7, U, p, S) 
be a pseudo-Newtonian end with non- vanishing physical mass m and let {x l ) be a system 
of asymptotically flat 7-harmonic coordinates in E 3 . For any smooth orientable surface 
S C E 3 with outer unit normal v and surface measure da both induced from 7, the 
pseudo-Newtonian quasi-local center of mass zpat(S) = (zp N (J2), Zp N (E), Zp^E))* e M. 3 
is defined by 

Z p AT ( S 




PN ^> - ATrGm 

Just as the pseudo-Newtonian mass expression has been known before at infinity as the 
Komar mass, considerations similar to the pseudo-Newtonian concept of center of mass 
have been pursued asymptotically in the special cases of asymptotically harmonic and 
asymptotically conformally flat metrics, cf. the overview article |CP11] by Justin Corvino 
and Daniel Pollack and the paper |CW08] by Justin Corvino and Haotian Wu. In the same 
sense as the pseudo-Newtonian mass, the pseudo-Newtonian center of mass is independent 
of a particular surface if this surface encloses the support of the matter. 
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Proposition 4.3.2. Let Spn = (E 3 ,j,U, p, S) be a pseudo-Newtonian end with non- 
vanishing physical mass m, let (x l ) be a system of asymptotically flat -^-harmonic coordi- 
nates on E 3 , and let £j C E 3 , i = 1, 2 be smooth surfaces with outer unit normals V{ and 
surface measures do~i both enclosing the support of the matter. Then £pjv(Ei) = ZpnQ^z)- 

Proof. Let again R > be so large that does intersect neither Ei nor E 2 and encloses 
the support of the matter. Let v and do denote the outer unit normal and surface measure 
of S\, respectively, and let Q{ denote the cylindrical domain bounded by Ej and S^. Using 
again Green's formula and the fact that the coordinates are harmonic, we find 

= / [AUx k - UAx k ) d , = / - U%) ia - J - tfg) to, 

- / - ud f) - 1 (f** - *»■ 

J \dvi dvij J \dv 2 dv 2 ) 

This proves the claim. □ 

The expression for the pseudo- Newtonian center of mass can be simplified on regular sphe- 
rical level set surfaces just as in the Newtonian case. Such surfaces exist in a neighborhood 



of infinity by Lemma 3.2.7 if the physical mass vanishes. 



Proposition 4.3.3. Let Spn = {E 3 ,'~f,U, p, S) be a pseudo-Newtonian end with non- 
vanishing physical mass m, let (x l ) be a system of asymptotically flat ^-harmonic coordi- 
nates on E 3 , and let E C E 3 be a regular spherical level set of U enclosing the support of 
the matter. Then 

Proof. All we have to show is that J s ^-da = 0. By the divergence theorem and the 
assumption that the coordinates are harmonic, the left hand side of this equation is in- 
dependent of the surface E in the sense that J s ^-da = Jg ^§^da for any smooth surface 
E C E 3 also enclosing the support of the matter. Choosing E = for R > suitably 



large and using the asymptotics of 7^ proven in Theorem 4.1.5, we have 



da = lim / — — da = lim / -^r^das, 



du R^-oc / dv _R-5-oo / d V 



where the far right hand side vanishes by the above Newtonian considerations which 
finishes the proof. □ 

Our next step will be to show that the pseudo- Newtonian center of mass on any suitably 
"large" surface (i. e. on any surface enclosing the support of the matter) coincides with 
the centers of mass described and defined above. The following theorem states that all of 
these centers in fact agree. Before we prove it, let us consider the following lemma stating 



the same fact for the Schwarzschild metrics (cf. Proposition 3.1.6). 
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Lemma 4.3.4. Let m ^ 0, M : = mG/c 2 , and M* > M. Then the pseudo-Newtonian 
Schwarzschild system Spn '■= (Em*(0), s j, s U) of mass m has ipjv(S) = on any smooth 
surface E C Esm * enclosing the support of the matter in the canonical asymptotically flat 
harmonic coordinates (y l ). 

Proof. Straighforward computation from ( 4.5[ ) and (4.6). □ 

Theorem 4.3.5 (Centers of Mass Coincide). Let Spn = {E 3 , 7, U, p, S) be a (k, ^-pseudo- 
Newtonian end with non-vanishing physical mass m and r > 1/2, let (x l ) be a system of 
asymptotically flat ^-harmonic coordinates on E 3 and let E C R 3 be any smooth surface 
enclosing the support of the matter. Then 

z PN (E) = z ADM (E 3 ,g) = z A (E 3 ,g) = z CM c(E 3 ,g) = z T (E 3 ,g), 

where g is the geometro static metric associated with Spn- 

Differently put, if S = (E 3 , g, N, p, S) is a (k, r)- geometro static system with r > 1/2 and 
non-vanishing ADM-mass m and E is as above, then z PN (J2) = zadm = %A — zcmc — %i 
holds with respect to wave harmonic asymptotically flat coordinates on E 3 , where z PN {T) 
refers to the corresponding pseudo-Newtonian metric 7 and potential U . 



Proof. The two formulations in the theorem are equivalent by Lemma 3.1.3 and we al 



ready know from Theorem 3.3.3 that all centers but the pseudo-Newtonian one coincide. 



Moreover, the asymptotic expansion in Theorem |4.1.5| tells us that 

7«- s 7„ e W k _f r _ s+2) (E 3 ) 

for all < e < t — 1/2, where 5 7 and S U are the pseudo-Newtonian Schwarzschild metric 
and potential of mass m. Using again Proposition 4.3.2[ it suffices to show that 



lim 



dU 
dv 



x 



U 



dv 



da = AnmGz^E 3 ,g). 



si 



We will proceed as in the proof of Theorem 4.2.3| dropping the label A on za for simplicty: 



dU 
dv 



x 



- U- 



dx k 



dv 



da 



mGzi 3mGz ■ xxj 



R 3 



R 5 



W 



k,2 
(r-e+3)^ 



(E 3 ) ) v l x k da 



'U 



mGz 



mGzi 

V + 

mGz 



R 3 



d s U 
dv 



- + W k 



R 3 

3mGz ■ xx 
R~ 5 



+1,2 

(r-e+2) 



(E 3 



dx k 
dv 



da 



+ W 



k,2 

-(r-e+3)^ 



(E 3 ) v l x k da 



- + W k 



+1,2 

(r-e+2) 



(E 3 



dx h 



dv 



da 



-x 



,dx k 
dv 



da. 
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The last term of the right hand side vanishes in the limit R — > oo by Lemma 4.3.4 and 
because of Jij— S jij G W_f T _ £+2 JE 3 ) and so do the lower order terms indicated suggestively 
by printing the weighted Sobolev spaces. For the same reason, and using the multiplication 



theorem 1.4.3 the remaining terms induce 



// QJJ Q x k \ 

— x k - U^— du = 4TrmGz k 
\0p Op J 

which proves our claim. □ 

We can now prove a pseudo-Newtonian center of mass addition theorem in analogy to 
the well-known one in Newtonian theory. For abbreviational purposes, we write mpN '■= 
mp7v(S) and zpn '■= zpat(£) where £ is any smooth surface enclosing the support of the 
matter. Similarly, we drop the qualifiers ADM-, physical, pseudo- Newtonian etc. referring 
to either mass or center of mass as the above theorem ensures that no confusion can 
thereby arise. 

Theorem 4.3.6. (Addition of Centers of Mass) Let Spn = (E 3 ,^^, p, S) be a pseudo- 
Newtonian end with mass m ^ and center of mass z with respect to some system of 
asymptotically flat harmonic coordinates. Let Ej C E 3 , i = 1, 2, . . . , / be a finite number 
of non-interesecting smooth surfaces not contained inside each other and together enclosing 
the support of the matter (i. e. each component of the support of the matter is enclosed by 
one the surfaces and none of the surfaces is "shielded from infinity" by any other one). 
Then 

i i 

^rriiZi := ^m PA r(S i )£p iV (S i ) = mz. 

i=l i=l 



Proof. We proceed as in the proof of Theorem 4.2.5 By assumption, there is a pair of 
trousers with / legs shaped domain domain Q in which p, S = and the boundary of 
which consists of all the Sj and of a suitably large coordinate sphere Sp. We find that 



1 1 f I dU dx k \ 

i*G £ raA = £ J { -^x" - U j da 



Green's formula / f ATT k TTA„k\j., , / / ®U k TT (9x fe 



x k -U— )da 

OP OP 



R 



pTT]) ,[47375] 



+ AwGmz 

as the coordinates were chosen to be 7-harmonic. We have thus proven the formula. □ 
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In the last chapters, we have studied asymptotic properties of geometrostatic and pseudo- 
Newtonian systems as well as their masses and centers of masses. In this chapter, we 
will now discuss further physical properties and facts that hold in geometrostatics and/or 
pseudo-Newtonian gravity. In Section |5.1| we will prove a static version of the famous 



positive mass theorem. In Section 5J2 we reduce the notion of test particles which is well- 
known in geometrodynamics to the geometrostatic setting and prove a pseudo-Newtonian 
version of Newton's second law of motion. In Section (5.3), we will discuss constrained test 
particles and surfaces of equilibrium and their consequences for uniqueness of the lapse 
function while in Section (5.4), we will prove a rigidity theorem on static photon spheres. 



5.1 The Static Positive Mass Theorem 

One of the major breakthroughs in the mathematical study of general relativity is the 
positive mass theorem by Richard M. Schoen and Shing-Tung Yau. Different proofs have 
been put forward by a number of people under more restrictive conditions, see the discus- 



sion on p. 26 In geometrostatics, a much simpler proof works. The proof illustrates the 



usefulness of Theorem 4.2.3 Moreover, the static rigidity statement also includes N = 1 
and vanishing of the matter fields and therefore reproduces parts of the results of Andre 
Lichnerowicz and Michael T. Anderson stated in Theorems 13.2.21 and 13.2.31 

Theorem 5.1.1 (Static Positive Mass Theorem). Let S := (M 3 , g, N, p, S) be a geome- 
trostatics system. Assume that either g is a geodesically complete metric or that N(p) — > 
as p approaches the inner boundary^ Then the ADM-mass of S is non-negative in each 
end. In case g is geodesically complete, the ADM-mass is zero in one end if and only if 
g is flat in all of M 3 , N = 1 in M 3 , and all matter fields vanish identically (and whence 
there were no inner boundaries in the first place). 

Proof. Let us prove the rigidity statement, first. If a geometrostatic system has vanishing 



ADM-mass, it also has vanishing pseudo- Newtonian mass by Theorem 4.2.3 By (4.2.4) 
and using the abbreviational notation v{f) : = df jdv for a smooth function /, this means 
that 

- 2 f 9 u(N) da g = J ~'v{U) da^ = 
s 

on any smooth surface S enclosing the support of the matter where 7 and U are the asso- 
ciated pseudo-Newtonian metric and potential, respectively. As g is geodesically complete 

1 i. e. that all inner boundaries are Killing horizons in the sense that the static Killing vector field becomes 



lightlikc there, cf. the remark on page 58 
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by assumption, this leads to 



o < ^ J n (p + ^) dp, e J san d , g J u( N ) do g m 0, 



where Q C M 3 denotes the volume enclosed by S and we have used that iV > in M 3 and 
P+ > by definition of geometrostatics systems. This implies that p = 9 trS = and by 
positive semi-definitness of S, also S = 0. In other words, N is a solution of the curvilinear 
Laplace equation on a the geodesically connected asymptotically flat Riemannian manifold 
with N — y 1 as r — > oo and thus N = 1 by classical elliptic PDE theory, cf. e. g. |GT70] . 
Finally, the vacuum static metric equations with N — 1, p — 0, and S = tell us that g 



must be Ricci-flat and thus flat by (1.4) which proves rigidity. 

Let us now discuss non-negativity of mass. Suppose m := rriADM(g) < and observe as 
above that 



c 2 



m = ^G I MAO da a 



E 



for any surface E enclosing the support of the matter. By Lemma 3.2.7 we know that 
iV foliates M 3 \ K with spherical level sets enclosing the support of the matter for some 
compact subset K. We can therefore deduce that V(iV) ^ and in particular V(iV) < on 
any of these level sets. We rephrase this into saying that N must be strictly monotonically 
decreasing along the flowlines of the vector field 9 gradiV as r — > oo. But then there must 
exist a point p e M 3 with N(p) > 1 which contradicts the maximum principle for the 
elliptic partial differential inequality 

. 4ttG a / 9 trS\ n 
AiV=_iv(p + _j>0, 

cf. Theorem 17.1 in [GT70j as N = on all inner boundaries and iV — > 1 as r — > oo. □ 



5.2 The Pseudo-Newtonian Second Law of Motion 

— # 

In Newtonian gravity, the gravitational force F acting on a test body is defined as 

F := -mVU 

with m the mass of the test particle and U the Newtonian (gravitational) potential. New- 
ton's second law of motion 

F = ma 

then relates this force to the acceleration a of the test body. The same actually holds 
true in pseudo-Newtonian gravity. On order to see this, let us first review the definition 
of test particles in general relativity and then study what restrictions are imposed on test 
particles by staticity of the ambient spacetime. 

A test body or test particle is modeled in general relativity by a smooth timelike geodesic 
with respect to the Lorentzian 4-metric ds 2 of the system. Recall furthermore that the 
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timelike geodesies are exactly the critical points of the time functional 

T(k) := - J ^—ds 2 (k, k)(r) dr, 
i 

where the variation is calculated among all smooth timelike curves k : / — >■ L A with fixed 
endpoints, /CI being an interval and the dot referring to the 4-dimensional covariant 
derivative calculated along the curve itself. Equivalently, the timelike geodesies can be 
shown to agree (up to reparametrization) with the critical points of the energy functional 



G f 

E{k) := — / ds 2 (k, k)(r) dr 



where the variation is again restricted to smooth timelike curves k : I — > L A with fixed 
endpoints. Recall that the critical points of E are automatically parametrized proportio- 
nally to eigentime and that the Euler-Lagrange equation of E is the geodesic equation 
4 V-k = 0. The expression 4 V^k = is usually interpreted as the acceleration of the curve 
k. Now if k : I — > L A is a test body in a static spacetime (L 4 , ds 2 ), we can use the canonical 



3+1 decomposition L 4 = Rx M 3 presented in Section t 2?2_ in order to simplify and better 
understand the geodesic equation 4 V^k = 0. In this decomposition, we can write k = (t, fi) 
with t : I — > R the time component and //:/—)■ M 3 the spatial component of k. In this 
spirit, we now make the following definition. 

Definition 5.2.1. Let (M 3 , 3 g, N, p, S) be a geometrostatic system and n = (£,//) a test 
particle in the corresponding Lorentzian manifold. Then the vector field a := 3 V^/i along 
/i is called the acceleration of the test particle. 

Calculating the components of the geodesic equation for k, we find that 

= Noj_xt + dN(fi) i (5.1) 
3 V A /i = -N o u.c 2 i 2 (gr&dN) op, (5.2) 

where the dot denotes differentiation with respect to the eigentime parameter. Differen- 
tiating the condition that k is parametrized proportionally to eigentime leads to 

^(/i, 3 V A /i) = it(N o pfc 2 + i 2 N o pdN(p)c 2 (5.3) 
which combines with Equation (5.1) to give g(fi, 3 V^/i) = as N > and t (which 



is due to k being timelike). Together with Equation (5.2), this implies dN(u) = so that 



again by Equation (5.1), i = 0. We have thus proven the following proposition. 



Proposition 5.2.2. Let (M 3 , 3 g, N, p, S) be a geometrostatic system and n = (t,p) a test 
particle in the corresponding Lorentzian manifold. Then its acceleration a satisfies 

a = — [Nope 2 i 2 ] ( 3 gradiV) o p, 

where the term in square brackets is constant. 
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We continue by making a definition of force analogous to the Newtonian setting. 

Definition 5.2.3. Let (M 3 , 3 g, N, p, S) be a geometrostatic system and k = (t,p) a test 
particle of mass m in the corresponding Lorentzian manifold. Then the pseudo-Newtonian 
force F exerted on k by "gravitation" is defined as 

F := — m 7 grad£7, 

where 7, U are the associated pseudo-Newtonian metric and potential, respectively. 

Remark. It is natural that the acceleration of the test body is induced from the Lorentzi- 
an metric ds 2 and thus refers to the geometrostatic metric g and not to the conformally 
transformed metric 7 because the definition of test bodies relies on the dynamics of space- 
time. On the other hand, the definition of force uses the analogy of pseuo-Newtonian and 
Newtonian effects and thus should be formulated in pseudo-Newtonian terms. 

After these considerations, the following theorem now is immediate. 

Theorem 5.2.4 (Second Pseudo-Newtonian Law of Motion). Let (M 3 , 3 g,N, p, S) be a 
geometrostatic system and n = (t, p) a test particle of mass m in the corresponding Lor- 
entzian manifold. Fix the parametrization of k such that i = 1 along k. Then the force F 
acting on k and its acceleration a satisfy the pseudo-Newtonian second law of motion 

F = ma. 

Remark. The statement of the theorem is not true if t 7^ ±1. However, it is natural that 
we have to fix t because we have actually fixed the "speed" of background time, i. e. time 
measured by the lapse function N by setting N — > 1 as r — > 00. t — 1 then just says that 
k is future-oriented (which is implicit in the Newtonian setting) and that k actually uses 
the "same clock" as the observer at infinity. 



5.3 Surfaces of Equilibrium 

It is well-known in Classical Mechanics that the level sets of the Newtonian potential - 
or the equipotential surfaces - can be characterized by the behavior of constrained test 
bodies^} Any test body which is forced to move inside an equipotential surface and which 
is otherwise subject only to gravitational forces will not accelerate. On the other hand, this 
behavior cannot be displayed by test bodies constrained to any non-equipotential surface. 
Phrased differently, equipotential surfaces are exactly those surfaces for which the virtual 
force exerted by the constraint that a test body must move along the surface does indeed 
exactly compensate for the gravitational force so that the (real and virtual) forces are in 
equilibrium. Because of this characterizing property, we will also call them (Newtonian) 
surfaces of equilibrium in what follows. 



2 We tacitly assume here that the Newtonian potential foliates M 3 in a neighborhood of the surface under 
consideration. This is not a severe restriction (unless p = on all of M 3 ) as it is well-known that the 
potential foliates M. 3 \K for some compact set K C M 3 enclosing the support of the matter, supp p C K. 



This can be derived from its asymptotics just as in Lemma 3.2.7 
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The fact that a surface in a Newtonian gravitational system is a surface of equilibrium 
if and only if it is a level set of the associated Newtonian potential can be derived using 
d'Alembert's principle of virtual forces or a Lagrangian approach. A similar variational 
approach will now help us to define and identify surfaces of equilibrium in geometrostatics. 
We will not only see that surfaces of equilibrium do exist in geometrostatic systems but 
also identify them as the level sets of the corresponding lapse functions. This already hints 
at physical relevance of the lapse function which we will discuss further at the end of this 
section. Moreover, we will use this characterization of the surfaces of equilibrium to prove 
a uniqueness result at the end of this section. 

Let us begin our study of surfaces of equilibrium in geometrostatics by giving the follo- 
wing definition. 

Definition 5.3.1. Let (M 3 , 3 g, N, p, S) be a geometrostatic system, E C M 3 a smooth 
surface. A test body constrained to E is a smooth timelike curve k : I — > R x M 3 defined 
on a compact interval ICR which is a critical point of the energy functional 

E{k) := -— I ds 2 (k,k)(T)dr (5.4) 



with respect to the induced Lorentzian 4-metric ds 2 given by (3.2) where the variation is 
confined to all smooth timelike curves k = (t, a) : / — > R x M 3 with fixed endpoints that 
satisfy p(I) C E. E is called a (geometrostatic) surface of equilibrium if the spatial parts 
H : I — > E of all test bodies k = (t, p) constrained to E are geodesies with respect to the 
induced metric on E. 

Remark. The non-acceleration of constrained test bodies from the Newtonian setting is 
translated into the condition that the constrained test bodies are geodesies with respect 
to the induced metric on the surface. This seems reasonable as the geodesic equation 
2 V^/i = along the curve p can be understood to state that the curve is not intrinsically 
accelerating. 

Let us now turn to showing that surfaces of equilibrium exist and do indeed agree with 
the level sets of the lapse function. To this end, we need the following lemma. 

Lemma 5.3.2. Let (M 3 , 3 g, N, p, S) be a geometrostatic system, E C M 3 a smooth sur- 
face and k = (t, p) : / — > R x E a test body constrained to E. Then k is automatically 
parametrized proportionally to eigentime. 

Proof. Let n : U — > R be a smooth function on a neighborhood U C M 3 of E with dn ^ 



on U and n|s = ^o- By definition, k is a critical point of the energy functional (5.4) under 
the constraint that n = Uq. By the theory of Lagrangian multipliers^, there is a smooth 
function a : L — > R such that (k, a) is a critical point of the modified functional 

F(k, a) := J ^—-ds 2 (k,k)(T) + a[nop K — n ]^dT 



3 cf. e. g. pp. 270f in [Zei9l] . 
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varied among all smooth (re = (t K ,p K ),(3) : I — > (R x M 3 ) xRxl where k has fixed 
endpoints. Spelling out ds 2 in terms of 3 g and N, we obtain the induced functional 



(5.5) 



F(t,p,o) := F((t,p),a) 

f fc 2 (Nop) 2 .„ 1 \ 
= / ( 2 t - -|/i| 3 + a[no/i K -n J 1 (r)rfr. 

The Euler-Lagrange equations of F with respect to t and p read 

= -c 2 4~ \(Nop) 2 i] (5.6) 

= C 2 N o ui 2 dN + 4- FW/t, ■)] + a dn, (5.7) 

dr L J 

and, using the chain rule and the Levi-Civita properties of the connection, we obtain 

= 2(N o p)dN(p)i 2 + (Nopf't 
= C 2 N o pi 2 dN + 3 g(p,-)+adn. 



Combining Equation (5.6) with Equation (5.7) applied to fi we observe that ds 2 (k,k) 



const as dn(fi) = by construction and as t ^ because n is timelike. Thus k is parame- 
trized proportionally to eigentime. □ 

Theorem 5.3.3 (Surfaces of Equilibrium). Let (M 3 , 3 g, N, p, S) be a geometro static system 
and let K C M 3 be a closed subset bounded away from infinity with supp p C K such that 
N foliates each end of M 3 \K with connected leaves. Let E C M 3 \K be a smooth connected 
surface (hence contained in one end). Then £ is a surface of equilibrium if and only if it 
is a level set of N . 



Remark. As we have seen in Lemma 3.2.7 iV automatically foliates appropriate standar- 
dized exteriors of all ends with non-vanishing ADM-mass. Moreover, the level sets of iV 
(in each end) outside K are topological spheres (and hence connected). The assumptions 
of the theorem are thus automatically satisfied for appropriate K if all ends have non- 



vanishing mass. By the rigidity statement of the positive mass theorem 5.1.1 the case of 
vanishing ADM-mass is not particularly interesting, anyway. 

Proof. Let n : U — > R be a smooth function on a neighborhood U C M 3 of E contained in 
the same end as E and satisfying dn ^ on U and n\x = no- Let k = (t, p) : I — > R x M 3 
be a test body constrained to E. Then as in the proof of the above lemma, there is a 
smooth Lagrangian multiplier a : I — > R such that (t, p, a) is a critical point of the 



functional F defined in (5.5) among all (t, p) : I — > R x E with fixed endpoints. Again, 



the Euler-Lagrange equations for F read 



= 2(N o p)dN('p)i 2 + (Nopf'i (5.8) 
= c 2 Nopi 2 dN + 3 g(p r ) + adn (5.9) 
n = nop. (5.10) 
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As E inherits the metric from M 3 , we have fx = 3 V^/t = 2 V^/t — h(fi, (x)v with v = 
3 gradn/| 3 gradn|, where h denotes the second fundamental form with respect to v. Now, in 
order to prove the claimed identity of surfaces of equilibrium with level sets of N, assume 
first that E is a level set of N (and then without loss of generality choose n = N). In 
order to see that E is a surface of equilibrium, we have to show that fx is a geodesic in E. 
Projecting Equation (5.9) onto the tangent plane of E, we find that 2 V^/t = using that 
dN(TTl) = so that fx is indeed a geodesic in E. Thus all level sets of N are surfaces of 
equilibrium. 

For the other direction of the desired implication, assume that E is a surface of equi- 
librium. Observe that by Lemma 5.3.2[ k is parametrized proportionally to eigentime, in 



formulae ds^ 



= const. Taking the r-derivative of this, we find that 



= - C \N o n) dN{p) i 2 -c\No fx) 2 it + *g(ji, p) 



(5.11) 



where the last term equals g( V ijx, jx) by the above. Let o : I — > / be a smooth orientation 
preserving reparametrization such that A := fx o a" 1 is parametrized by arclength so that 
| A' 1 2 = 1, where the prime denotes differentiation with respect to o. The chain rule and 
the geodesic equation 2 Va' A' = induce fx = A' o a a as well as 2 V^/x = a'dX'oa. Inserting 



this into (5.9) applied to fi and using the facts that A is parametrized by arclength and 
that a 7^ 0, dn(ji) = 0, we obtain 



= c 2 iV o A o at 2 dN(X') oa + a'd. 



On the other hand, inserting (5.8) into (5.11) gives 



= c 2 No Xoat 2 dN(X') oa& + ao 



(5.12) 



(5.13) 



so that a comparison with (5.12) leads to a = 1 and hence fx must have already be- 
en parametrized by arclength. We can hence deduce 2 V^/i = which implies g(Jx, •) = 
— h(jx, fx)dn/\dn\2- This shows by ( |5.9[ ) that dN is proportional to dn at any point of E 
reached by \x. As k — (t, fx) was an arbitrary constrained test body - and because the 
Picard-Lindelof theorem of ODE^] applies to constrained test bodies just as to ordinary 
ones and hence for each point in E there is a constrained test body going through it - dN 
is in fact proportional to dn on all of E so that N must in fact be constant along E. As 
iV has connected level sets, E must be one of them which proves the theorem. □ 



Uniqueness of the Lapse Function 

Just as in the Newtonian setting, the vacuum region (far) outside the support of the 
matter thus possesses surfaces of equilibrium also in geometrostatics. These surfaces will 
now allow us to reprove uniqueness of the lapse function A of a given geometrostatic 
system (M 3 , 3 g, N, p, S). Recall that we have already discussed uniqueness of (and 3 g) 
in Section |3.4| using analyticity at infinity and asymptotic considerations. Theorem |5.3.3 
now allows us to give a more physical proof. It relies on the following technical lemma 
which shows that surfaces of equilibrium are in fact determined by "local" constrained 
test particles. 

4 cf. c. g. pp. 139f in |Heu91j . 
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Lemma 5.3.4. Let (M 3 , 3 g, N, p, S) be a geometro static system, E C M 3 a smooth surface. 
Assume that C/ 4 Cix M 3 is an open neighborhood of S := {0} x M 3 which is globally 
hyperbolic with Cauchy surface S with respect to the induced 4-metric (3.2). For the state- 
ment of this lemma, a smooth timelike curve k = (t, /Z) : [r , T\] — > U 4 fl (R x E) satisfying 
t(r ) < < t(ri) is called a "test body within U 4 constrained to E" if it is a critical point of 
the energy functional (5.4) among all smooth timelike curves k = (t, p) : / — > U 4 fl (R x E) 
wt/i /ixed endpoints that satisfy p(I) C E. T/ien E is a surface of equilibrium if and only 
if the spatial parts p of all test bodies n = (t, p) within U 4 constrained to E are geodesies 
with respect to the induced metric on E. 

Proof. Let ~K = (t, p) be a test body within U 4 constrained to E. Let k = (t, p) : [r , Ti] — > 
R x E be a smooth timelike curve parametrized by eigentime and having k,^) = k(tj) for 
i — 0, 1. By continuity, there must be r* e (r , ri) with ^(r*) = and thus ^(r*) G 5*. This 
r* is unique as S is achronal. Now assume k(I) (£. U 4 , then by continuity and by «;(rj) G 
f/ 4 , f/ 4 open, there must be minimal and maximal parameters r m j n , r max G (r , Ti) with 
K ( T min) £ 9?7. Suppose first that < r ma:r . Then K|( Tmaa;jri ] is a smooth past inextendable 
curve through k(ti) contained in U 4 which does not intersect S so that k(ti) ^ D + (S). On 
the other hand, t{ri) > by assumption so that k(ti) ^ D~(S) either. As 5* is a Cauchy 
surface for U 4 , this is a contradiction. Suppose then secondly that r* > r max . In this case, 
one can reverse the above argument and work on [tq,t*) and in this way again obtain a 
contradiction. We can therefore conclude that k remains within U 4 automatically and thus 
k must be a critical point of the energy ( 5.4 ) among all smooth curves k : I — > U 4 fl (R x E) 
with fixed endpoints iff it is a critical point among all smooth curves k : I — > R x E 
with fixed endpoints. This implies the claim of the lemma by definition of surfaces of 
equilibrium. □ 

Theorem 5.3.5 (Uniqueness of Lapse Function). Let S := (M 3 , 3 g, N, p, S) and S := 

(M 3 , 3 g, N, p, S) be geometro static systems as in Theorem 5.3.3 (with common closed subset 
K bounded away from the boundary) and assume that 3 Ric 7^ outside K . Then N = N in 
all of M 3 \K. If, in addition, (M 3 , 3 g) is complete and vat K is diffeomorphic to a bounded 
domain in M. 3 having smooth boundary OK which arises as the union of the boundaries of 
all ends of M 3 , then N = N holds in all of M 3 . 



Remarks. We have seen in Section 3^ that the non- vanishing condition on the Ricci tensor 
in Theorem 5.3.5 holds for any geometrostatic system with non-vanishing mass m due to 
the asymptotic expansion 3 RiCjj = mGc~ 2 r~ 3 (5ij — 3r~ 2 XiXj) + 0(r~ 4 ) for r — > 00. So 



just as explained in the remark following Theorem 5.3.3, any complete geometrostatic 



system with non-vanishing masses in all ends will have a unique lapse function. If the 
mass vanishes in one end and the metric is complete, then positive mass rigidity gives 
N = 1 and thus also uniqueness of the lapse function. 

In his paper |Tod00] . Paul Tod has investigated (a slight generalization of) the question 
whether the lapse function iV solving the vacuum static metric equations with respect to a 
given 3-metric is unique in an arbitrary 3-manifold (i. e. in a not necessarily asymptotically 
flat one). However, he has to make certain assumptions on the eigenvalues of the Ricci 
tensor and distinguishes the cases where these eigenvalues are locally pairwise distinct or 
where two or three of them locally coincide. As we take a geometric approach, we do not 
have to distinguish these cases. 
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Using a similar approach as [TodOOj . Robert Bartnik and Paul Tod |BT06] have de- 
rived a characterization of 3-metrics admitting a lapse function as in the vacuum static 



metric equations (3.8), again relying on an assumption on the eigenvalues- values of the 



corresponding Ricci tensor. We will not address this existence question in this thesis. 
Proof. Let ds 2 and ds 2 be the corresponding Lorentzian 4-metrics onlx M 3 with common 



time coordinate t. Then the (vacuum) energy and momentum constraints (2.8) and (2.9) 
on {t} x M 3 that hold outside {t} x K r educe to 3 R = which is satisfied no matter 
what lapse function is chosen. By Theorem 2.2.1 , ds 2 and ds 2 must thus be extensions of 



a com mon globally hyperbolic development (L A ,ds 2 ) of (M 3 \ K, 3 g,h = 0). By Lemma 
£ C M 3 \ K is a surface of equilibrium in the restrictions of either ds 2 or ds 2 to L 4 



5.3.4 



iff it is a surface o 
coincide. Theorem 



equi librium in (L 4 , ds 2 ) and hence their surfaces of equilibrium must 
>.3.3 then tells us that N and N have the same level sets in every end 
of M 3 \ K so that in each end there is a real function / : N(M 3 \ K) C K — > R such that 
N = f o N. By the chain rule, we find that 3 V 2 iV = f" o N dN x dN + f o N 3 V 2 iV. The 



vacuum static metric equations (3.8) for ( 3 g,N) and ( 3 g,N) then appear as 



= 3 AN = f" o N \dN\ 2 3 + f o N 3 AN = f" o N \dN\ 2 3 



& dN J°f"oN (5.14) 



/o iV 3 Ric 



3 V 2 iV = f" o N dN x rfiV + f o ]V 3 V 2 iV 
f" oNdN x diV + f oiViV 3 Ric 

/' o ]ViV 3 Ric 



^foN 3R =^° f'oNN. 



(5.15) 



Now this means that / is affine linear by (5.14). The boundary condition N, N — > 1 as 



r — > oo, where r is the radial coordinate of the asymptotically flat coordinate system 
belonging to the common metric 3 g, gives f(n) — > 1 as n — > 1 so that (5.15) induces 



/'(n) — ?• 1 as n — >■ 1 where we have to use the non- vanishing assumption on the Ricci 
tensor. Using that / is affine linear, these boundary data imply / = id N ( M 3\ K ) in every 

end and thus N = N outside K . But then if int K is diffeomorphic to a domain in IR 3 
having smooth boundary dK which arises as the union of the boundaries of all ends of 
M 3 , both iV and iV induce the same Dirichlet boundary data on dK. Thus, the Dirichlet 
problem for the elliptic equation 



3 AiV 



4:7rG ( 3 trS 

— N v + — 



(5.16) 



coming from the static metric equations (3.7) has a unique C 2,Q (int i^)-solution inside 
int K by classical PDE theory^ and thus by smoothness of the lapse functions N = N 
must hold in all of M 3 . □ 

Having proved the uniqueness of the lapse function we can now interpret the lapse 
function as a function telling us how we have to measure the passing of time in the 



5 cf. e. g. theorem 6.14 on p. 107 in [GT70j . 
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corresponding 4- dimensional Lorentzian geometry in order to "see" staticity of the 3-slice 
just as one can only "see" the non-acceleration of a geodesic when the time parameter is 
chosen as (proportional to) its arclength parameter. This view is further supported by the 
following corollary. 



Corollary 5.3.6. Let (M 3 , 3 g, N, p, S) be a geometro static system as in Theorem 5.3.3. 
Let d t denote the future directed timelike hypersurf ace- orthogonal Killing vector field in 
the corresponding Lorentzian manifold (R x M 3 , ds 2 = A g) representing staticity and let X 
be any other future directed timelike hypersurf ace- orthogonal Killing vector field in (IR. x 
M 3 ,ds 2 ) with ds 2 (X,X) = —c 2 N 2 . Then X = d t . Similarly, if X is any future directed 
timelike hypersurf ace- orthogonal Killing vector field in (R x M 3 , ds 2 ) having the same 
maximal connected integral submanifolds as dt and ds 2 (X,X) — > —c 2 as r — >■ oo, then also 
X = d t . 

Remarks. The assumption that ds 2 (X, X) = —c 2 N 2 ensures that X is a Killing vector 
field measuring the passing of time in the sense described above. In other words, this 
condition makes sure that X is indeed a Killing vector field defining staticity of the corre- 



sponding Lorentzian metric with N defined as on page [33} Although we could in general 
reparametrize time by multiplying d t by a constant number - which corresponds to a 
reparametrization of the parameter of a geodesic proportional to arclength in the above 
picture -, we prefer not to do so here as we require iV — > 1 asymptotically. 

Related questions on multiple timelike Killing vector fields have been addressed e. g. by 
Robert Beig and Piotr Chrusciel in |BC97| and by Ed Ihrig and Dipak Kumar Sen in 
[IS75J. The latter paper includes a result similar to this corollary but under the condition 
that X and dt must commute (and without our assumption of asymptotic flatness). 

Proof. First of all, we know that ds 2 (dt,dt) = —c 2 N 2 by definition of the lapse function 
N. Now write X = ad t + Y with a : R x M 3 R and ds 2 (Y, d t )=0. Then 

= - C 2 N 2 (a 2 - 1) + \Y\ 2 A (5.17) 
= -c 2 N 2 aa it + ds 2 CV t Y,Y) (5.18) 
= -c 2 NN^ (a 2 - 1) - c 2 N 2 aa A + 3 g( 3 ViY, Y) (5.19) 

follows from the assumption on the length of X, where the two bottom equations are deri- 
vatives of the top one with respect to the time and space coordinates t and i, respectively. 
Taking the t-derivative of ds 2 (Y, dt) = 0, we obtain 

Na, t = -Y(N). (5.20) 

On the other hand, the covariant derivative of X can be calculated in terms of (covariant 
derivatives of) a and Y and the Killing equation for X then splits into 

= -c 2 N 2 a, t + ds 2 ( 4 V t Y,d t ) (5.21) 
= -c 2 N 2 a :i + ds 2 CV t Y,di) (5.22) 
= 3 V (l F,) (5.23) 
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where we have used that the second fundamental form of M 3 in (R x M 3 , ds 2 ) vanishes by 
staticity. Similarly, the equation for hypersurface orthogonality X[ a 4 V,gX 7 ] = splits into 



> VtYj mm 2Y {l (HNa)U 







j*k] 



where we have again used that the second fundamental form of M 3 in 



x 



(5.24) 
(5.25) 

M 3 , ds 2 ) 



vanishes and the fact that a > as X is future directed. Now equations (5.18) and (5.22) 
combine to Y(a) = aaj while equations (5.19) and (5.23) together imply Y(N) (a 2 — 1) + 
NaY(a) = 0. Inserting (5.20) gives a )t = Y(a) = Y(N) = 0. In consequence, if we insert 
(5.24) into (5.19) we obtain (\n(Na))^ = (lniV)^ so that = and thus a = const and 
4 VjF = by (5.22). As a = 1 implies X = d t by (5.17) let us suppose that a ^ 1 for the 



following aiming to deduce a contradiction. 

Surely a not being equal to 1 ensures that Y vanishes nowhere. Let u := Yj, be the 



associated 1-form. Equation (5.24) can be rewritten to say that 3 VjY k = (In N)jY k + 
(In N), k Yj from which we deduce that u is closed. As M 3 \K is homeomorphic to ]R 3 \5 for 
some ball B, a set which is simply connected, a standard result from differential geometry^] 
tells us that there is a smooth function / : M 3 \ K — > M. such that u = df or in other words 
Y = 3 grad/\ Let £ C M 3 \ K be a level set of N and hence compact. As / is continuous, 
it must attain its maximum on £ at some point po G £ and thus satisfy df |te(po) = 0. 
But as 3 gradA^ is normal to E and df ( 3 gradA^) = 3 g(Y = 3 grad/, 3 gradAQ = Y(N) = on 
E, we have df\ po = and hence Y\ Po = which provides the desired contradiction. 

Secondly, if X is a Killing vector field as described above having the same maximal 
connected integral manifolds as d t , then automatically X = ad t for some function a : 
M x M 3 — > K by hypersurface-orthogonality. The Killing equations for X and <9t imply 







1. □ 



V( a (adt) i3) = so that a = const. The behavior of X at oo then gives a 

The fact that N is unique in the sense described above also gives insight into the so 
called Killing initial data (KID) of a static spacetime. The KID are defined as the elements 



of the kernel of the adjoint of the linearization of the vacuum Einstein constraints (2.8) 



and (2.9) at a given solution, cf. e. g. Justin Corvino and David Pollack's article |CPllj . 
Vincent Moncrief |Mon75j showecQthat spacetime Killing vector fields correspond precisely 
to the KID at a given solution. The question of uniqueness of spacetime Killing vector 
fields in a vacuum geometrostatic system can thus be answered by characterizing the KID 
of this system. In order to calculate al|^] KID at a given vacuum geometrostatic system 
S = (M 3 ,g,N), we split an arbitrary spacetime Killing vector field (or in other words an 
arbitrary KID) Y E T(TL 4 ) into its lapse n : M 3 -> R and shift X G Y(TL 4 ),X 1 4 z/, via 
Y = n A u + X (recalling that 4 g = ds 2 = —N 2 c 2 dt 2 + 3 g). In order for our methods to be 
applicable, we ask that n — > 1 and ds 2 (X, X) < C as r — > oo in all ends of M 3 . 

Calculating the linearization and its adjoint of the vacuum constraints around S (and 
using that the second fundamental form vanishes due to staticity), we find that n and 
X are characterized by the conditions that n has to satisfy the vacuum static metric 



equations (3.8) with respect to the metric g and that X must be a Killing vector field of 



6 cf. e. g. p. 401 in Loc03 , where the statement is phrased in the language of deRham cohomology. 
7 We quote this from [CFTI] . p. 13. 

8 or rather all KID satisfying appropriate boundary conditions at inifinity. 
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3 g. By the uniqueness theorems 3.4.1 and 5.3.5 it follows that n = N and thus in particular 
independent of time. We have thus proven the following corollary. 

Corollary 5.3.7 (Characterization of Spacetime Killing Vector Fields (KID)). Let S = 

(M 3 ,g,N) be a complete vacuum geometro static system. Then any Killing vector field 
Y = n 4 u + X, n : L A — > E ; X G T(TL 4 ),X _L 4 v , in the associated spacetime (L 4 ,ds 2 ) 
with asymptotic behavior —c 2 n 2 = ds 2 (Y — X, Y — X) — > —c 2 and ds 2 (X,X) < C as 
r — > oo can be decomposed as 

Y = N 4 is + X 

where X(t) G T(TM 3 ) is a Killing vector field in (M 3 , 3 g) (possibly time dependent). 



5.4 Photon Spheres 

The above discussion shows that the level sets of the lapse function N studied are surfaces 
of special interest in geometrostatics. Apart from being physically relevant, they are also 
(technically) very useful, especially for uniqueness arguments. One famous example of 
the use of a foliation by level sets of the function N is Werner Israel's proof [Isr67] of 
the uniqueness of static black holes. We will now proceed to prove uniqueness of metrics 
possessing a classical codimension 1 photon sphere thereby also relying on a foliation of 
iV-levels. 

Definition 5.4.1 (Photon Sphere). Let (M 3 , 3 g, N, p, S) be a geometrostatic system with 
only one end. A smooth closed surface E C M 3 is called a photon sphere if any null 
geodesic in the corresponding Lorentzian manifold (L 4 , ds 2 ) which is initially tangent to 
the cylinder Rx E remains tangent to it. 

Photon spheres have first been identified in the Schwarzschild family of solutions. They 
model photons spiralling around a black hole at a fixed distance. Apart from their pheno- 
menological significance as a specifically relativistic feature, photon spheres are crucially 
relevant for questions of (linear) stability of special solutions, as for example in [Daf09] . 
In the literature, one also finds the convention that the term 'photon sphere' refers to 
the cylinder R x E. It is well-known that dynamical spacetimes do not usually possess 
classical codimension 1 photon spheres and the notion of 'photon sphere' must therefore 
be generalized (cf. e. g. |CVE01j ). 

Nevertheless, the author is not aware of a general (non-)existence result for classical 
photon spheres in static relativity theory. In vacuum, this issue can now be settled through 
an argument similar to Werner Israel's one (as exposed in Markus Heusler's book [Heu96j). 
We will prove that the Schwarzschild metrics are the only static asymptotically flat vacuum 
solutions possessing a classical photon sphere. 

Theorem 5.4.2 (Uniqueness of Photon Spheres). Let S := (M 3 , 3 g,N) be a vacuum 
geometrostatic end possessing a photon sphere E. Assume furthermore that N regularly 
foliates M 3 and that all level sets are topological spheres. Then (the spacetime correspon- 
ding to) S is isometric to (the spacetime corresponding to) a member of the Schwarzschild 



family (3.9), (3.10). 
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Remark. We have seen in Lemma 3.2.7 that iV regularly foliates any asymptotically flat 
end outside a closed set bounded away from infinity (if the total mass is positive), and 
that these level sets are spherical. The end in the above theorem can thus be chosen 
appropriately without further assumptions by cutting out such a set. 

We will first prove three small lemmata: 



Lemma 5.4.3. Under the assumptions of Theorem 5.4-2 , N must be constant on E. Hence, 
E is a topological sphere and a level set of N. 



Proof. Let p G E and pick v p G T P E with \v p 

1 



1. Set 



U'n 



cN(p) 



d t\(t P )+ v P G T p (R x M 3 ) 



and observe that w p is null. Then there exists a unique geodesic 7 : [0, e] — > R x M 3 



(t(s),fx(s)) of ds given by (3.2) satisfying 7(0) 



w p and normalized via 



£ > 0, 7(5 

\{i(s)\ g = 1, where the dot denotes differentiation with respect to s. 7 is null with w p and 
thus /i(s) G E by the assumption that E be a photon sphere. The time component of the 
geodesic equation 4 V^7 = 0, 

t'+^U 07 7^ = 0, 

can easily be seen to be equivalent to -^(No/j,) = as t = e ^ by choice of normalization. 



Whence N is constant along 7 and g p (v p , grad p iV) = 0. As p, v p are arbitrary this implies 



the desired conclusion. 



□ 



Lemma 5.4.4. Under the assumptions of Theorem 5.4-2, the second fundamental form h 
ofE C (M 3 , 3 g) satisfies 

h=\ l2 g, (5.26) 

where v is the outer unit normal to S in (M 3 , 3 g) and 2 g the induced metric on S. Conver- 
sely, any level set of N satisfying (5.26) is a photon sphere. In particular, photon spheres 
are extrinsically round. 

is a level set of N and hence v = jg^^^j and u(N) = | 3 grad N\. 
In this case, the spatial components of the geodesic equation 4 V^7 = for a curve 7 : 
[0, e] — > E x M 3 , e > 0, 7(5) = (i(s),/x(s)), |/i| 2 = 1, turn out to be equivalent to 



Proof. By Lemma 



5.4.3 



3 gradA^ 
N 



irrespective of whether 7 is or is not tangential to the cylinder 
sphere, then /i G T^S and thus 



(5.27) 

x S. Now if E is a photon 



which implies (5.26). Conversely, splitting jj into its normal and tangential components 
with respect to E, (x = jj, N + fi T , and recalling \fi T \ 2 + l/i^] 2 = 1, we find from (5.27) and 
our assumption (5.26) that 



A' 



-1^ 



AT|2 



3 gradA^ 
N 



fi. 
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Projecting this equation along both p, N and fi T and adding the results making use of 
= 1 and the fact that all used connections are Levi-Civita connections leads to the 
desired result of fi N = 0. As 7 was an arbitrary null geodesic, this implies that £ indeed 
is a photon sphere. Finally, (5.26) implies that h is proportional to 2 g and thus tracefree 
which shows that photon spheres are extrinsically round. □ 



Lemma 5.4.5. Under the assumptions of Theorem 5.4-2 , the mean curvature HofT, and 
the normal derivative of N, v{N), are constant along E. 



2u(N) 



N 



and iV is constant, the statements of the lemma are equivalent. Let 



Proof. As H 

{y 1 ), I = 1, 2 be coordinates on £. From the special form of h derived in Lemma |5.4.4 
deduce that ( 2 V/f/i) 



lij = ^H,xgu- Now the Codazzi equations (1.11) for £ read 
3 ^( 3 Rm(^,9j,i/),9j) 



we 



{ 2 V K h)jj - { 2 V!h) KJ , 

and thus the formula for the Riemannian curvature endomorphism in three dimensions 



(1.4) together with the staticity requirement of 3 R 

3 Ric(<9 7 ,z/) = -- 



give 



H. 



i ■ 



(5.28) 



On the other hand, staticity implies 

N 3 Ric(d I} u) 



3 V 2 N(<9 7 , z/) 
MA0),/-( 3 V^)(iV) 

hjjY K N, K 



NH,j 



2 

NH 7l 



as N = const on £. Comparing this with Equation (5.28) shows that H and thus also 
v(N) are constant. □ 

Having proved these lemmata, we will now follow Werner Israel's argument (cf. [Heu96j) 
to induce uniqueness. To this end, we prove the following proposition which implies Theo- 
rem [5X2J 

Proposition 5.4.6. Let S := (M 3 , 3 g,N) be a vacuum geometrostatic system, S C M 3 a 
surface. Assume that N regularly foliates M 3 and that all level sets are topological spheres. 
Then if X is an extrinsically round level set of N which has constant mean curvature, 
(R x M 3 , ds 2 ) must be isometric to a member of the Schwarzschild family. 



Proof. First of all, as in the proof of Lemma 5.4.5 the facts that E has constant mean 
curvature and that its second fundamental form is pure trace imply that 3 Ric(<9/, v) — 0. 
From staticity, we deduce that 



(u(N)), I =N 3 Ric(d I ,u) + ( 3 V/z/)(iV) = h I j 6 g JK N, K =0 

so that z^(iV) is constant along E. Now let N := iV(E). Let Q C M 3 be the exterior 
of E. By the maximum principle for elliptic PDEs (cf. |GT70j ) and by the asymptotics 
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N = l — M/r + 0(r~ 2 ) as r — > oo with respect to any asymptotically flat coordinate system 
stated in 3.2.5, N will have values in the interval (No, 1) in Q. Now by the assumption that 
N regularly foliates M 3 , we can extend any coordinate system (y 1 ), I = 1, 2 on U C S to 
the cylinder [N , 1) x U by letting it flow along the (nowhere vanishing) gradient of N. 
Define p : M 3 — > R through 



p(p) :={"(N)\p) 



(| 3 grad p iV|) 



-i 



and observe that 



g = p 2 dN 2 + 2 g, 



where 2 g is the 2-metric induced on E. In the coordinates (iV, y 1 , y 2 ) 
metric equations on any level set of N can be rephrased into 



the vacuum static 
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(5.29) 

(5.30) 
(5.31) 



Let g := det( 2 gu). By definition of the second fundamental form, we have (s/q),n = \/QHp. 
Using (5.31 ) and non-negativeness of the terms in square brackets, we can thus reformulate 
equations (5.29) and (5.30) into the inequalities 
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(5.32) 
(5.33) 



that hold on any iV-level. In this inequalities, equality holds if and only if the square 

o 

brackets in (5.29) and (5.30) vanish i. e. iff v(N) = const and h = on this level set. 
Integrating the first of these inequalities over the interval [N , 1), we get 

H(N) 



-i i 



N 



Vp 



da, 



N 



< 



-2 J 1 J 2 A^da N dN = 0, 



J N 



No 



where the right-hand side vanishes because of the divergence theorem. As p = const on S 
by assumption and using the asymptotics H = 2 + 0(r~ 2 ), = v(N) = £f + 0(r~ 3 ) 
as r — > oo in any asymptotically flat wave harmonic system of coordinates (cf. Corollary 



3.3.4), this implies 



Nn 



N 



Vv(N) da N = 8nVM 
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Integrating inequality (5.33), we get 
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again by the divergence theorem and using the theorem of GauB-Bonnet (1.5). Making use 
of the discussed asymptotics again, we obtain 

u(N) [HN + Av(N)} \E\ > 4vr(l - Nq). 

Finally, on our given surface S, the divergence theorem implies 



u(N)\E\ 



u(N) da 



where we have used the vacuum static metric equation 3 AN 
ptotics. This leads to 

2N 



''AN dfi + lim / u(N) da N = AnM 

and the discussed asym- 



M 



HN + 



4M 
|E|/4tt 



< H 



> 1 



Nl 



(5.34) 
(5.35) 



Taking the difference of ( pT3~0| ) and ( [5^29] ) on S implies K = Hu(N)/N + H 2 /2 so that 
K = Att M H j 'iVo | XI | + H 2 /2 and thus in particular, K is constant. GauB-Bonnet (1.5) now 
says that K = 4vr/|S| so that H < N {l-N$)/M follows from ( |5.34[ ). Then together with 

(5.35), we obtain N > \j 



- 2MVK so that 
N < 



H . iV (l - iV 2 ) 



< 



<Nn 



2VK 2MVK 

o 

which gives us h = and z^(A^) = const on any leaf Stv (recall the considerations on the 
equality cases of (5.32) and (5.33)). (5.30) and (5.29) then imply that the Gaufi curvature 
must be constant on any level Ejv, N(r) = a/1 — 2M/r for r := l/\/K, and v(N) = M/r 2 
so that 



9 



j^N'(r) 2 dr 2 + r 2 dtf = -^dr 2 + r 2 dQ 2 , 

with dfl 2 the canonical metric on S 2 . This proves that g is isometric to the Schwarzschild 
metric with mass M. □ 



Corollary 5.4.7. Under the assumptions of Theorem 5.4-2 and using the notation of 
Proposition 5.4-6, H,n = and K = const on any photon sphere. 



Proof. K = const fo 
proof of Proposition 

(|5.26l) tells us that H 



lows for any leaf of the foliation by level sets of iV as discussed in the 
(5.30) shows that on the photon sphere, we have H lN = ^M- — j- r 



5.4.6 



2MK 
N 



q Tj'2 

whereas the identity K = follows from the GauB equation 



(1.10) on the photon sphere. Together, these imply H, N = 0. 



□ 
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6 The Newtonian Limit 



This chapter is dedicated to the two last central theorems of this thesis, Theorems 6.4.1 and 



6.4.2. In rough terms, these theorems states that the Newtonian limits of the relativistic 



mass and center of mass of a geometrostatic system exist and coincide with the Newtonian 
mass and center of mass of the Newtonian limit of the system, respectively. As announced 
before, we will use the framework provided by Jlirgen Ehlers' "frame theory" in order to 
rigorously formulate and prove these claims. To this end, we will have to redefine staticity 
as well as the notions of pseudo-Newtonian metric and potential within frame theory in 
a manner that is compatible with the general relativistic definitions given in Chapters [3] 
and [4], respectively. 

We will introduce frame theory in Section 6T In Section 6J2 we specialize it to the realm 
of static isolated systems in Section 6J2 thereby relying on our preparatory generalization 
of Killing vector fields discussed in Section L3 We will formalize the immanent concept of 
Newtonian limit in Section 6.3| Finally, Section 6A will be dedicated to prove convergence 
of mass and its center. 

As customary and convenient in frame theory, we will use abstract index notation 
throughout this chapter. 



6.1 Jiirgen Ehlers' Frame Theory 

The relation between Isaac Newton's and Albert Einstein's theories of gravitation NG and 
GR has, of course^ been studied ever since the latter was formulated. The basic work0 
for elucidating this relation was done by Elie Cartan and Kurt Friedrichs. It was extended 
by Andrzej Trautman, Peter Havas, Georg Dautcourt, Hans-Peter Kiinzle, James Michael 
Nester, David Malament, Martin Lottermoser and others. In the 1980s, Jiirgen Ehlers 
has merged and consolidated the approaches taken before and devised his frame theory 
providing a mathematically consistent framework for the analysis of the Newtonian limit. 
Frame theory has been widely used ever since for many different purposes some of which 
we will encounter in this chapter. 

As we have already discussed in the introduction, there are both physical and philo- 
sophical reasons for why it is desirable to understand the relationship of NG and GR. 
A mathematical reason also exists: The better we understand the Newtonian limit, the 
easier it becomes to transfer well-known Newtonian facts like existence or non-existence 
of certain configurations into GR by e. g. implicit function theorem type arguments or by 
proving that such configurations would persist under the Newtonian limit, respectively. 

1 as Jiirgen Ehlers puts it in |Ehl89| . 

2 The historical account in this paragraph is quoted from p. 96 of Jiirgen Ehlers article [Ehl89 and we 
refer the interested reader to this article and the references cited therein. 
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An example for this is the existence of rotating stars asserted by Uwe Heilig [Hei95j using 
Ehlers' frame theory and an implicit function theorem type argument. 

Returning to the physical point of view, consistency and interpretational as well as 
modeling guidance are among the main arguments for studying the Newtonian limit. Con- 
sistency here means that - mainly because Newtonian gravity is still used for calculations, 
measurements, and constructions and since it prevails in most people's intuitive views of 
the world - it should be ensured that general relativity "includes" Newtonian gravity as a 
special or limit case or in other words that GR goes over to NG as c — > oo, a limit relation 
which is generally called the "Newtonian limit" . This applies in particular not only to the 
mathematical variables characterizing gravitational systems like the associated Lorentzian 
metrics and matter tensors but also and even more so to the physical properties of these 
systems like mass, momentum, etc. 

The reason for this particular relevance of understanding the Newtonian limit of phy- 
sical properties is twofold: First of all, the mathematical variables are in some sense only 
the mathematical description of a physical system while its physical properties represent 
the characteristic features that really matter. Secondly, relativistic notions of physical pro- 
perties like mass, momentum etc. are not automatically or canonically defined but must 
be specifically devised. One part of the justification of these definitions should then be to 
show that they converge to their Newtonian counterparts in the Newtonian limit. 

This takes us back to the story line of this thesis, and we would like to continue by shortly 
recapitulating Ehlers' frame theory loosely following Martin Lottermoser in [Lot88j. For 
a more extended introduction, we refer the interested reader to any of Jiirgen Ehlers' 
expositions [EhUH IEhl86l IEhl89j . to |Lot88| itself, or to the recent overview article by 
Todd Oliynyk and Bernd Schmidt jOS09j . 

The main problem one encounters when trying to define the Newtonian limit rigorously 
is the fact that Newtonian gravity is a coordinate-varianij^] (vectorial or potential) while 
general relativity is a coordinate-invariant (tensorial) theory which makes their compari- 
son troublesome. One of the basic ideas underlying frame theory dates back to Elie Cartan 
[Car23] and consists in generalizing Newtonian gravity to a coordinate-invariant "geome- 
tric" theory which is named "Newton-Cartan theory" after its inventor. It is closely related 
to the notion of Coriolis force as discussed in [Dau89j. Jiirgen Ehlers' frame theory (FT) 
brings together Newton-Cartan theory and general relativity in a common framework. 

Let us now become more specific. We begin by introducing the basic notions and quan- 
tities characterizing instances of frame theory. These instances are called "mathematical 
models (of frame theory)". They consist of a smooth 4-manifold L A together with two 
smooth symmetric tensor fields s a/3 , t a p, and a smooth torsion-free connection^] defi- 
ning the geometry on L 4 . L 4 is called a spacetime and s a/3 and t a p are called spatial metric 
and temporal metric, respectively. T^o is called the gravitational field. 

The spatial and temporal metrics and the connection are together replacing the Lorent- 
zian metric ds 2 of GR in frame theory. This is meant as follows: The Lorentzian metric of 
GR can be used for many purposes: to perform the musical operations of pulling indices 
up and pushing them down, to define space-, and timelikeness, to define the Levi-Civita 

3 in particular allowing for inertial systems of coordinates. 

4 It is a slight abuse of notation to denote the connection in abstract index notation since it is not a 
tensor; however, we follow this tradition as we believe that no confusion can arise from it. 
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connection, to define the different curvature tensors etc. In frame theory, these tasks are 
distributed amongst the spatial and temporal metrics and the connection, respectively. 

For example, the spatial metric of frame theory is used to pull indices up: If T ai ,Qfe ^ 1 . 
is a tensor at a point p G L 4 , then pulling up the index fa produces the (new) tensor 

rpa\...a k a k+1 — rpai...a k ocu+iPi 

at p, where the • at the former position of the index fa indicates which index we have pulled 
up. This indication is necessary as - other than in GR - pulling up indices is a potentially 
irreversible act in FT (because the spatial and temporal metrics are not inverses of each 
other). Similarly, the temporal metric can be used to define how to push an index aj of 
the tensor T ai - ak Pl ... Pl down. This gives rise to the (equally new) tensor 

1 Pi+i 1 Pi..A l <*jPl+i 

at p. Again, the symbol • indicates which index we have pushed down. This procedure 
also is potentially irreversible (and not, as customary in GR, in any sense the 'reversion' 
of pulling an index up). But although the spatial and temporal metrics are not inverses of 
each other, they do have a very special relation, namely 

t a0 s^ = -\5£ (6.1) 

with A G M.q the so-called causality constant of the mathematical model. 

The spatial metric s a ^ can furthermore be used to define spacelikeness of 1-forms (not 
tangent vectors!) at a point p G L 4 : u a G T*L 4 is called spacelike if it satisfies s^UaUp > 0. 
Timelikeness is defined for tangent vectors at a point p by aid of the temporal metric t a p\ 
X a G T P L 4 is called timelike if t aP X a X p > 0. As in GR, unit length (t aP V a V fi = 1) 
timelike vectors represent "observers" . The spatial directions of an observer X a G T p L A 
are those vectors Y a G T p L A that are orthogonal to X a via t a g or in other words those Y a 
that satisfy t aP X a Y^ = 0. We are now in a position to formulate the next two axioms the 
metrics s af5 and t a p of a mathematical model of FT have to comply with: 

(i) At each p G L 4 , there must exist a timelike vector X a G T p L 4 . 

(ii) At each p G L A and for all timelike X a G T P L 4 , s a/3 is positive definite on the space 

{u a er;L 4 \u a x a = o}. 

We continue our description of how the different usages of the Lorentzian metric ds 2 
of GR are distributed amongst the frame theoretical geometric quantities by discussing 
covariant derivatives and curvature. Non-surprisingly, covariant derivation is defined with 
respect to the connection T^. As usual in the pseudo-Riemannian framework, covariant 
differentiation is notated by a semicolon in abstract index notation. Observe that T^* was 
required to be torsion-free (like the Levi-Civita connection of ds 2 in GR). As a replacement 
for the Riemannianness of the Levi-Civita connection in GR, T^g, s a/3 , and t a p must satisfy 



s 



Q/ V = and t aB ,^ = 0. (6.2) 



Being a torsion-free connection, T^g automatically induces a Riemannian curvature endo- 



morphism Rm C[ ^'' through Formula (1.15). Note that because the musical operations are 
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in generally irreversible in FT, the positions of the indices (i. e. whether they are upstairs 
or downstairs) in the curvature expressions is relevant. This is accounted for in the formu- 



lae and facts listed in Sections L2 and L3 In particular, the Ricci tensor can be defined 
by Ric a/ 3 := —Rm a ^ without using any musical operations. 

We can now formulate the last geometric compatibility requirement relating the spatial 
and temporal metrics of a mathematical model of frame theory with its connection. It 
reads 

Rm/.^Rm^;. (6.3) 

Observe that the Riemannian curvature endomorphism of GR possesses this symmetry 
automatically. 

Besides the geometric quantities L 4 , s a P, t a p, T^, and the causality constant A, a ma- 
thematical model of frame theory also consists of a smooth symmetric energy-momentum 
or matter tensor T a ° (just as GR does). As in GR, this matter tensor gives rise to notions 
of matter density p, momentum density J, and stress S. Concretely, for a given obser- 
ver X a e TL A , the observed density is given by p(X a ) = T*'X ot X 13 . The momentum 
observed by X a in its spatial direction Y a with unit length s a/3 Y'Y° = 1 is defined as 
J(X a ,Y^) := T*'X a Y /3 and the stress observed by X a in unit length spatial directions 
Yf, Y 2 a is given by S(Y£, Y$) := T'^lf , cf. Satz 4 in [EotSSj . 

The matter tensor and connection of a mathematical model of FT have to combine such 
that the matter tensor is divergence free ("conservation equation"): 

T a % = 0. (6.4) 

Moreover, together with t a p, they have to satisfy the generalized Einstein equations 

1, 
2 

with G the same gravitational constant as above. Note that, in contrast to the standard 



Ric a/3 = 8vrG ( T** - -T^t af) ) (6.5) 



Einstein equations (2.1), Ric a/3 — | Rg Q/ g = ^rT a p, the generalized Einstein equations do 
not explicitly contain the speed of light c (nor the causality constant, which is tightly 
related to the speed of light as we will see in a minute). This is voluntary as it allows 
for taking a well-defined Newtonian limit without making the equations singular in the 
process. 

In addition, the generalized and standard Einstein equations differ in that the first of 
them relates the Ricci tensor to the matter tensor and the trace of the matter tensor while 
the latter one relates the Ricci tensor and its trace to the matter tensor. However, taking 
the trace of the standard Einstein equations and inserting the result of this computation, 
R — — tr T, into them shows that the standard Einstein equations are in fact equivalent 
to Ric a/ 3 = ^r(T a p — |trT g a p) which already looks much more similar to (6.5). 



Let us collect the above exposition into the following definition. 

Definition 6.1.1 (Mathematical Models of Frame Theory). A mathematical model of 
frame theory is a tuple S = (L 4 , s a/3 , t a p, T^, T a/3 , A) consisting of a spacetime L 4 , spatial 
and temporal metrics s a/3 and t a p, a gravitational field (connection) T^o, a matter tensor 



T Q/3 , and a causality constant A such that Equations (6.1) through (6.5) as well as items 
(i) and (ii) above are satisfied. 
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By design, any relativistic system/solution to GR should give rise to a mathematical 
model of FT. Luckily enough, this holds true. The following proposition tells us how we 
can recover GR from FT. It is implicit in |Lot88| IEhl 89j . 

Proposition 6.1.2. Let (L A ,ds 2 = g a p) be a smooth Lorentzian spacetime, T a/B a smooth 
symmetric matter tensor field on L A . Suppose that g a p and T a/3 satisfy the Einstein equa- 
tions (2.1) with respect to the Levi-Civitd connection F^r of g a p. Set 



X :-- 



and t, 



a/3 



-Xg, 



a/3 



and 



(6.6) 



Then (L 4 , s a/3 , t a p, T^a, T a/3 , X) is a mathematical model of frame theory. The relativistic 
and frame theoretical notions of space- and timelikeness, matter density, momentum den- 
sity, and stress tensor also coincide. 

Proof. Equations (6.1) through (6.3) as well as (i) and (ii) directly follow from the fact 



that F^p is the Levi-Civita connection of the pseudo-Riemannian metric g a p. The ge- 



neralized Einstein equations (6.5) follow from the standard Einstein equations (2.1) as 
described above. Finally, the conservation of matter equation (6.4) follows from apply- 



ing the contracted second Bianchi identity (or Schur's lemma) to the standard Einstein 
equations. □ 

As before, the constant c in this proposition denotes the speed of light. At first, it might 
seem strange to assign the value c~ 2 to the causality constant as c~ 2 appears to be a fixed 
number and thus the same one for all relativistic systems. This, however, is not the case as 
we have not fixed units so far. Different choices of length and time units obviously lead to 
different numerical values of the speed of light and thus to different values of A, cf. pp. 7ff 
and p. 14 in |Lot88j . In dynamical GR, one can replace this unit argument by comparing 
the speed of light c to "typical" velocities in the dynamical relativistic system. As we are 
interested in static systems, this does not work as there is no typical non-zero velocity in 
the static case. 

Since FT is supposed to unite GR and NG, we also expect Newtonian gravitational 
systems to be mathematical models of frame theory. Sure enough, this is correct as the 
following proposition assert^] It is proven on page 40ff in |Lot88j . 

Proposition 6.1.3. Let p,U : 



-4 ._ 



Let 



x 



(t,x* 



I 3 — > R be smooth functions satisfying AU — AnGp and 
denote Cartesian coordinates on L A and set 



(6.7) 



A 


= 




= 




= d'; ( s>; 


-pfl 






= p«- 



Then (L , s a ^, t a p, T^, T a " , A) is a mathematical model of frame theory. In particular, the 
Newtonian and frame theoretical notions of matter density coincide. 



5 The Newtonian gravitational systems considered here are not the most general ones one could consider 
since U does not even depend on time. Since we are only interested in static situations in the end, this 
does not concern us. More information on general Newtonian systems can be found in Lot88, OS09J. 
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Now that we have learned that both GR and (static) NG arise as special cases of FT 
it is natural to ask the opposite question of whether and if so how many and what type 
of other mathematical models of FT there are. The answer is simple for positive causality 
constant A: Any mathematical model of FT with A > corresponds to a solution of GR 
(with different numerical values of the speed of light c depending on the value of A). This 



is well-known and can be proven directly just as Proposition 6.1.2 



For A = 0, the answer is more involved as all solutions to the Newton-Cartan theory 
mentioned above can occur. In the case of static isolated mathematical models of FTQ 
though, the Coriolis forces related to the additional freedom offered by Newton-Cartan 
theory vanish and static isolated solutions of NG remain the only mathematical models of 
FT with A = (when choosing adapted coordinates), cf. p. 5 in [OS09], p. 42 in |Lot88] . 
and Section 16721 below. 



6.2 Static Isolated Systems in Frame Theory 

In this section, we will introduce staticity and asymptotic flatness concepts in FT. On our 
way, we will continuously compare the new frame theoretical notions with their relativistic 
counterparts. An analysis of what these frame theoretical notions signify in the Newtonian 
or Newton-Cartan sector of FT will be carried out at the end of the respective explanations, 



cf. pp. [97): and Theorem 6.2.13 



As a first step, let us quickly discuss 3 + 1 decomposition of spacetimes in FT. We cite 
the following definitions and lemma from pp. 14f in |Lot88j adapting it to our notation 
and nomenclature. 

Definition 6.2.1. Let (L 4 , s a/3 , t a p, T^, T Q/3 , A) be a mathematical model of frame theory, 
X a G T(TL 4 ) a smooth timelike vector field. We call 

X a Xo 

the projection onto the orthogonal complement X x := {Y 13 G T(TL 4 ) \t a pX a Y^ = 0} of 
X a . Moreover, we set 

ya Y0 

and call 3 g a ^ the (generalized) inverse 3-metric corresponding to X a . 

Lemma and Definition 6.2.2. Let (L 4 , s af5 , t a p, T^, T a/3 , A) be a mathematical model of 
frame theory, X a G T(TL 4 ) a smooth timelike vector field. There exists a unique smooth 



symmetric tensor field 3 g a p on L 4 satisfying 



3 g a pX a = 



3 We will give a precise definition of this notion in Section 6.2 
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for all tu-y E T{T*L A ) with X 7 w 7 = 0. We call 3 g a /3 the (generalized) 3-metric corre- 
sponding to X a . 3 g a p is positive semi- definite when restricted to the orthogonal comple- 
ment X 1 - . Moreover, 3 g a p, 3 g al3 > an d satisfy 

n 





— 3 g au — 3 gp u 


^ 3 ga/3 


X a X ° 




= 


Y P V" 


= 




= n?. 



If X a gives rise to an integrable tangent distribution^ we can interpret (the restrictions 
of) 3 g a p and 3 g a @ as a 3-metric induced on the integral submanifolds and its inverse, 
respectively. For A > 0, i. e. in the case of GR, 3 g a p indeed corresponds to the Riemannian 
3-metric induced onto the time-slice defined b y X a by the Lorentzian 4-metric. Similarly, in 



the Newtonian case described in Proposition 6.1.3, we find Iljg = 5^ — SfSp, 3 g a p = d^diS^ 
and 3 g af} = 5? 5? '5 lj when choosing X a = 5?. 

Killing Vector Fields and Staticity in Frame Theory 

Recall that a static spacetime in GR is a spacetime possessing a timelike Killing vector field 
X a which is hypersurf ace-orthogonal, i. e. satisfies X^V pX 7 ] = 0. In GR, hypersurface- 
orthogonality of the static Killing vector field allowed us to 3 + 1-decompose spacetime 
canonically with time slices ( "hypersurfaces" ) orthogonal to the Killing vector field, cf . Sec- 
tion EH 

In order to define static mathematical models of FT, we need to generalize both of these 
notions, Killing vector fields and hypersurface-orthogonality, to FT. As both formulae 
implicitly refer to pulled down indices versions of the timelike vector field X a , this cannot 
be done by reinterpreting the formulae without any further thinking. To the contrary, 
especially the definition of hypersurface-orthogonality is fairly involved and relies on the 
concept of a "defect" tensor developecj^jin |Lot88j . Moreover, we will need a generalization 
of the concept of extrinsic curvature/second fundamental form to the realm of FT. 

Let us begin by defining Killing vector fields in FT. Recall that we have extended the 



notion of Lie derivative Cx« ■ to include Lie derivatives of connections in Section |1.3| for 
just this purpose. We make the following definition. 

Definition 6.2.3 (Killing Vector Fields in FT). Let 7 := (L 4 , s a/3 , t af} , T^, T Q/3 , A) be a 
mathematical model of frame theory, X a e T(TL 4 ). X a is called a (generalized) Killing 
vector field for J 7 if 

where ~Rm. a ^ is the induced Riemannian curvature endomorphism of the system. 



7 cf. pp. 
8 It is attfl 



42 



yuted to Robert Geroch, there. 



94 



6.2 Static Isolated Systems in Frame Theory 



Remark. Propositions 1.3.4 and 6.1.2 ensure that this definition is equivalent to the clas- 



sical definition of Killing vector fields in GR. 

As announced above, we will need the concept of "defect tensor" and a generalization 
of extrinsic curvature/second fundamental form in FT in order to formulate hypersurface- 
orthogonality in FT. These notions are given by the following definitions and lemmata 
which correspond to Lemma 3 and Lemma 5 in [Lot88j, but which we have tailored to the 
situation studied here in order to avoid making even more definitions. 

Lemma and Definition 6.2.4. Let (L 4 , s a/B , t a p, T^, T a/3 , A) be a mathematical model of 
frame theory, X a 6 T(TL A ) a smooth timelike vector field and TL^ the projection onto the 
orthogonal complement of X a . The expression 

-tyy — ott^ rr tt 7 



defines a tensor which we call the defect tensor of X a . With this definition, T> a p = 
holds if and only if the tangent distribution D := {U^Y 13 | Y 13 G T(TL 4 )} is integrable. 



In simple terms, the defect tensor thus measures how far a timelike vector field is from 
canonically decomposing spacetime in a 3 + 1 fashion. The proof of the lemma relies on 
Frobenius' theorem 1.2. 1| The next lemma extends the concept of extrinsic curvature from 



pseudo-Riemannian geometry to FT. 

Lemma and Definition 6.2.5. Let (L 4 , s a/3 , t a p, T^r, T a/3 , A) be a mathematical model 
of frame theory, X a e T(TL A ) a smooth timelike vector field and IT^ the projection onto 
the orthogonal complement of X a . We define the associated 1-form u a , the associated 
H-tensor field H. a ^, and the generalized extrinsic curvature tensor or generalized 
second fundamental form h a p by 

x: 



respectively. u a , 1-L a p, and h a p are smooth tensor fields. The defect tensor of X a is related 
to Hap by 

Vlp = 2X " 'KM- (6.8) 

Remark. In the subcase of GR and a vector field X a with vanishing defect tensor, this 
definition of (generalized) extrinsic curvature/second fundamental form coincides with the 



traditional one (if restricted to the leaves of the foliation from Lemma 6.2.4), a fact that 



follows from a direct computation using Proposition 6.1.2 

Using these definitions and facts from |Lot88j . let us now generalize the notion of 
hypersurface-orthogonal timelike Killing vector fields from GR to FT. Our definition is 
modeled on the insight that hypersurface-orthogonal timelike Killing vector fields in GR 
canonically 3 + 1-decompose spacetime so that the time slices are orthogonal to the Kil- 
ling vector field. Again, our definitions are consistent with the definitions of hypersurface- 
orthogonality, time slices, and staticity in GR. 
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Definition 6.2.6 (Hypersurface-Orthogonality in FT). Let (L 4 , s a ^,t a p,T^,T al3 , \) be 
a mathematical model of frame theory, X a e T(TL 4 ) a smooth timelike Killing vector 
field. We call X a hypersurf ace- orthogonal if the induced defect tensor X>Zg vanishes. In 
that case, we call the integral submanifolds of the tangent distribution D given by Lemma 



6.2.4 time slices for the vector field X a . 



Definition 6.2.7 (Staticity in FT). Let T := (L 4 , s a/3 , t a p, T* p , T a ?, A) be a mathematical 
model of frame theory. J 7 is called static if there exists a timelike Killing vector field 
X a G T(TL 4 ) which is hypersurface-orthogonal. 

The following theorem is now immediate. 

Theorem 6.2.8 (Static Metric Theorem). Let (L 4 ,ds 2 = g a p) be a smooth Lorentzian 
spacetime, T Q/3 a smooth symmetric matter tensor field on L 4 . Suppose that g a p andT 01 ^ 
satisfy the Einstein equations (2.1) with respect to the Levi-Civitd connection T^p of g a p. 



Define the associated mathematical model T of FT as in Proposition 6.1.2 Then T is 



static in the sense of Definition 6.2.1 if and only if it is static in the sense of GR (with 
respect to the same field X a ). 

Moreover, if the spacetime is static, the fields 3 gij and 3 g^ arising as the restrictions of 
the generalized 3-metric and inverse 3-metric 3 g a p and 3 g al3 to the time slices coincide with 
the 3-metric 3 gij and its inverse 3 g^ induced by ds 2 . 



Proof. Follows from straightforward calculations and from Propositions 1.3.4 and 6.1.2 □ 

Just as in GR, the time slices of static mathematical models in FT have vanishing second 
fundamental form. This is asserted in the following proposition. 

Proposition 6.2.9. Let J 7 := (L 4 , s al3 , t a p, T^p, T a P, A) be a mathematical model of frame 
theory which is static with respect to X a e T(TL 4 ). Then the associated H -tens or field 
and generalized mean curvature tensor satisfy 

Ha/3 = and h a p = 0. 

Moreover, the 1-form u a is closed. 

Proof. Clearly, as = by staticity, % a p must be symmetric and thus % a p = h a p. Let 
n^j denote the projection onto the orthogonal complement of X a . By definition of h a/ 3, we 
find 

<i< .n^rr ^ t ^p x ^ zu^t^x^xt, 



P a \t KT X"Xr t KT x-x- 
n>,=o t N) XP. v 

p a t RT x-x-- 

Now the left hand side of this equation is symmetric by construction while the far right 
hand side is antisymmetric by the Killing equation £x v t a p = 0. Thus h a p = % a p = 0. 
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% a p = implies that W[ Q ;/3] vanishes on the product of the orthogonal complement X L 
with itself. To show that u a is closed, it thus suffices to show that cO[ a; p]X a Y^ = for all 
Y" G X L . This goes as follows: By the Leibniz rule, we find 

2u [a . A X a Y? dcf =^ 17^-2^^/ 

=i 

X%t au X^Y a 

+ 2u a Y a u,X» 



X Killing, def. u) a 



=0 

XtgY^ + XtgY^ = 0. 



This implies = h a p = —U^U^u^ = and thus finishes the proof. □ 

The matter quantities p, J a , S a/3 also behave accordingly as the following proposition 
asserts. 

Lemma 6.2.10. Let (L 4 , s a/S , t a p, T^, T a/3 , A) be a static mathematical model of frame 
theory with respect to some field X a G T(TL A ). Then the momentum density J a observed 
by X a vanishes and the matter density p and stress tensor S a ^ observed by X a are constant 
with respect to X a (in the Lie sense). 

In order to close this section on staticity in FT, let us quickly review some of the 
above notation and suggest some suggestive abuse of it for the remainder of this thesis. 
Let T := (L 4 , s a ^, t a p, T^o, T a/3 , A) be a static mathematical model of FT with respect to 



X a G T(TL 4 ). Mimicking our topological assumptions described in Section 3.1, we call 
J 7 standard static if L 4 can be decomposed into R x M 3 , where M 3 is any of the time 
slices of L 4 with respect to X a . Henceforth, we restrict our attention to standard static 
mathematical models of FT. 

For any of these standard static mathematical models T of FT, let 3 gij and 3 g l i denote 
the restriction of the generalized 3-metric and inverse 3-metric to the tangent bundle of 
M 3 , respectively. Let the lapse function N of J 7 be given by N := ^Jt a pX a XP and observe 
that this coincides with the definition given in the relativistic case as t a p = —c~ 2 ds 2 in 



that case by Proposition |6.1.2j We will see below that N = const, in the Newtonian case 
(i. e. for A = 0). 



Staticity in the Case A = 

For the remainder of this subsection, let us consider static mathematical models of FT 
with A = 0. In that case, any hypersurface-orthogonal timelike Killing vector field X a has 
constant length because of the following consideration: By definition of staticity, the defect 
tensor vanishes. Translating this into components, we obtain X a ., u„j = 0. Multiplying this 
with X u gives X a ^ = X a u X l 'uj y,. The trace of this equation amounts to X a a = X a v X v oj a = 
—X a v X v uj a where the last step comes from X a being a Killing vector field. This, however, 
gives us X a a = and thus, again using the Killing property and the fact that u a is closed, 
we obtain \t a pX a X 13 )^ = -2u li X v v {t a pX a XP) = 0. This shows that X a has constant 
length. We henceforth assume that this constant equals 1 without loss of generality. Then, 
in particular, u a = X' for A = 0. 
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This puts us in the position to cite some results on the A = case from |Lot 88]. There, 
it is shown on pp. 40ff that for A = and any choice of unit length timelike vector field 
X a , the associated "H-tensor (which is called Xafii there) must automatically vanish. This 
implies that the induced defect tensor Tf 1 ^ must vanish identically for any such observer. 
Moreover, it is asserted there that the 3-dimensional Ricci tensor on the time-slices with 



respect to this observer X a must vanish and thus by Formula (1.4) the time slices must 
be intrinsically flat. 

Now, as our particular observer X a is a Killing vector field for 3 g a p, there must locally 
exist "Galilei coordinates" (t, x l ) as well as possibly time dependent vector fields g, Q on 
the time slices such that g is a "force" and Q is a "Coriolis force" . g is derived from the 
gravitational field T^a and characterizes it completely. Since X a is a Killing vector field for 

s al3 and t a /3, neither g nor Q depend on time in our case. This implies that rot g = and 
thus, locally, there is a (time independent) Newtonian potential U for g, i. e. g — — grad U . 
Observe that this Newtonian potential refers to a given system of Galilei coordinates (t, x l ) 
and thus in particular to a given system of Cartesian coordinates (x l ). 

As it is shown in |Lot88j . suitable fall-off for Q - namely any fall-off that ensures a 
uniquely solvable Dirichlet problem for the (flat) Laplace equations AQ l = - then gives 
Cl — (if the time slices are diffeomorphic to IR 3 ). This holds in particular if the system 
is "isolated", cf. p. 5 in [O~S09j. Combined with the above representation of g using the 
Newtonian potential U, we can read off the well-known (local) equation 

AU = A-nGp. 

If the time slices are simply connected, the Galilei/Cartesian coordinates and the potential 
U exist globally; we normalize U by U — > as r — > oo in the case of isolated systems. 

Asymptotic Flatness in Static Frame Theory 

In the above section, we have unified the concepts of staticity coming from GR and NT 



into Definition |6.2.7[ cf. Theorem |6.2.8| and the Newtonian considerations in the subsec- 
tion on pp. [9T| F. This section is now dedicated to generalizing the concept of asymptotic 
flatness to FT (for static mathematical models). Again, we will model our definitions on 
the relativistic notions and discuss their relation to the Newtonian ones at the end of this 



subsection, cf. Theorem 6.2.13 



In analogy to our definition of geometrostatic systems, cf. Definition 3.1.2 we define 
"static isolated systems in FT" as follows. 

Definition 6.2.11. Let 7 = (R x M 3 , s af} ,t al3 ,T^,T al3 , \) be a static mathematical 
model of frame theory and let k G N, k > 3, and r > 1/2 such that — r is non-exceptional 
(i. e. t $l Z). We call J 7 a (k,r) -static isolated system in FT if , in addition, the following 
conditions hold for the induced generalized 3-metric 3 gij and lapse function iV: 

(ia) (M 3 , 3 gij) is a (k, q — 2, r)-asymptotically flat manifold. 

(ib) If A = 0, there exit global Cartesian coordinates on M 3 , i. e. coordinates (x k ) 
such that ( 3 gij) = (d~ij) holds in components with respect to these coordinates. 
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(ii) N > in M 3 and N(p) — > 1 as p — > oo in each end of M 3 . 

(iii) p > 0, Sij > 0, and the supports of p and SV,- are bounded away from infinity. 

As before, we will call J 77 a static isolated system in FT system for short if k and r are either 
clear from context or arbitrary For abbreviational purposes, we call the hypersurface- 
orthogonal timelike Killing vector field X a making J 7 a static isolated model of FT the 
staticity field for J 77 . 

Remarks. This definition implicitly includes the topological assumptions that (M 3 , is 
either geodesically complete or an individual end diffeomorphic to an exterior domain of 
IR 3 (through (ia)). Through (ib), condition (ia) in fact reduces to a topological condition 
if A = 0. Observe that condition (ii) is void for A = 0. 

For later convenience, we also redefine the concept of wave-harmonic coordinates in the 
frame theoretical setting. 

Definition 6.2.12. If (x h ) is a system of local coordinates for the time slice M 3 of a given 
static isolated system J 77 in FT, then we call (x h ) wave-harmonic coordinates for J 77 if they 
satisfy 

3 ^Ax k = -^ 3 g lk . 

N y 



Remark. By Lemma 3.1.3 , this definition coincides with the relativistic one if A > 0. In the 
A = case, N = 1 and 3 gij is flat and thus wave harmonic coordinates are ordinary harmo- 
nic coordinates with respect to the Euclidean metric. In particular, Cartesian coordinates 
are wave harmonic if A = 0. 

Together, the above considerations imply the following theorem. 

Theorem 6.2.13 (Static Isolated Systems Theorem). Let k £ N, k > 3, and r > 1/2 
such that —t is non- exceptional. Let J 77 = (IR x M 3 , s a/3 , t a p, T^, T a/3 , A) be a (k,r)-static 
isolated system in FT. If X > 0, J 77 naturally corresponds to the (k, r)-geometro static system 
(M 3 , 3 gij, N, p, S^). Here, M 3 denotes the time slice of J 7 , 3 g^ and N denote the (restriction 
of the) generalized 3-metric and the lapse function, respectively, p and S^ denote the mass 
density and stress tensor induced from T a/3 , respectively. 

If, on the other hand, A = and M 3 is simply connected, then J 7 naturally corresponds 
to a static isolated Newtonian system with a global system of asymptotically flat Cartesian 
coordinates on M 3 and a corresponding smooth Newtonian potential U : M 3 — > IR. 

Moreover, a system (x k ) of local coordinates for M 3 is wave harmonic for J 77 if and only 
if it is wave harmonic in the geometrostatic sense (for A > 0) or harmonic with respect to 
the Euclidean metric (if X = 0). 

Remark. The role of the Newtonian potential U appearing in the A = case is exactly the 



one described in Proposition 6.1.3 similarly, the A > case relies on Proposition 6.1.2 



Proof. For positive causality constant, this just summarizes the results from Proposition 



6.1.2, Theorem 6.2.8, and the discussion before and after them. For vanishing causality 



constant, this is a summary of the results of [Lot88j and our interpretation of them as 



discussed on pp. 97* using the afore-mentioned isolated systems idea formulated on p. 5 



in |OS09j and the above considerations of wave harmonic coordinates. □ 
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Pseudo-Newtonian Reformulation of Static Isolated Systems in FT 

As a final step towards our analysis of the Newtonian limit of mass and center of mass, 
we need to translate the notion of pseudo-Newtonian systems into FT. This is indicated 
because we intend to take the Newtonian limit of the quasi-local formulae of mass and 
center of mass which are defined in the language of pseudo-Newtonian gravity, cf. Sections 



4.2 and 4.3 We make the following definition of pseudo-Newtonian metric and potential. 



Definition 6.2.14. Let T = (R x M 3 , s Q/3 , t a p, T^, T a/B , A) be a static isolated system 
in FT, N its lapse function and its generalized 3-metric. We define the (generalized) 
pseudo-Newtonian metric 7y of J 7 to be the conformally transformed metric 7^ := N 2 3 g^ 
on M 3 . Now, if A = 0, assume that M 3 is simply connected and pick a system of Cartesian 
coordinates for M 3 . We define the (generalized) pseudo-Newtonian potential U of T by 



U : M ->i:pH> 



X'HnNip) A^O 
U(p) A = 0, 



where in case A = the function U : M 3 — > M is the Newtonian potential given with 
respect to the chosen Cartesian coordinates and normalized by U — > as r — > 00. 

This definition of pseudo-Newtonian potential U might not seem very natural as the 
cases A > and A = are treated separately. However, it is specifically tailored to ensure 
coincidence with the afore-defined pseudo- Newtonian and the classical Newtonian concept 



of a "potential", cf. Theorems 6.2.15 and 6.3.3 We can thus interpret the difference in 



the definitions of U as being due to the systematic difference between relativistic and 
Newtonian systems. 

The above-mentioned coincidence is summarized in the following theorem. 

Theorem 6.2.15 (Pseudo- Newtonian Systems Theorem). Let J 7 be a static isolated sy- 
stem in FT with causality constant A and time slice M 3 . Assume that M 3 is simply connec- 
ted if A = 0. The following statements hold true: 

• If A > 0, then the generalized pseudo-Newtonian notions of metric and potential 
coincide with the pseudo-Newtonian notions defined in geometro statics. 

• If X = 0, then the generalized pseudo-Newtonian metric is flat and the generalized 
pseudo-Newtonian potential coincides with the classical Newtonian one (both refer- 
ring to the same system of Cartesian coordinates). 

Moreover, a system (x k ) of local coordinates for M 3 is wave harmonic for T if and only 
if it is harmonic for the associated generalized pseudo-Newtonian metric 7^. 

Proof. Let A > 0, first. The lapse function N and the generalized 3-metric 3 gij agree 



with the corresponding geometrostatic variables by Theorem 6.2.13 As U and 7^ are 
constructed from them in exactly the same manner in FT and in geometrostatics (cf. p. 57), 
they must also coincide. Coincidence of wave harmonic and 7y-harmonic coordinates then 
follows from Lemma [3. 1.31 
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For A = 0, the conformal change is trivial as N = 1. Moreover, the generalized pseudo- 



Newtonian potential agrees with the Newtonian one by construction. By Theorem 6.2.13 



wave harmonic coordinates are harmonic coordinates with respect to the flat metric gij = 
jij, automatically. □ 

Before we move on to define the Newtonian limit, we give another indication of why the 
pseudo-Newtonian potentials play similar roles in the relativistic and Newtonian settings: 
Recall that the Newtonian potential has arisen as a "potential" for the 4-dimensional 

in Cartesian coordina- 



connection T^ g as in Proposition 



6.1.3 



namely 



tes. This expression is similar to the first term in the related expression for A > 0: 



1 a/3 



(6.9) 



This formula is a direct consequence of Theorem 6.2.15 Anticipating that 7^ converges to 
8ij, yij r s kl converges to 0, and converges to in the Newtonian limit, a comparison of 
the two above expression suggests that the separate definitions of the pseudo-Newtonian 
potential interlock reasonably in the Newtonian limit. 

This argument closes our analysis of static isolated systems in frame theory. We continue 
our visit to frame theory by discussing the Newtonian limit in general and in the context 
of static isolated systems in particular. 



6.3 The Newtonian Limit of Geometrostatics 

In order to enable us to properly define the Newtonian limit, let us quickly introduce 
notions of convergence for families of coordinates and tensor fields: Let M n be a smooth 
manifold and Q C M n an open subset. Let (x k (X)) be a family of systems of coordinates 
on Q which is parametrized by A G (0, e) for some e > 0. Let also (x k (0)) be a system 
of coordinates on Q. We say that (x k (X)) converges pointwise to (x fc (0)) as A — > on Q 
if x k (\)\ p y x k (0)\ p for all p G Q and all k — 1, . . . , n. We say that this convergence is 
uniform on Q if ||x*(A) — x k (0)\\co(n) — > as A — > 0. 

Similarly, we define pointwise and uniform convergence of families of tensor fields on 
M n . Let ^^"/'(A) be a family of tensor fields on an open subset Q C M n parametrized by 
A G (0,e). Let (x k (X)) be local coordinates on Q converging pointwise to local coordinates 
(x k (0)) on Q. We say that T?*'"£(\) converges pointwise to some tensor field T?^'"?*(0) 
with respect to (x k (X)) as A — > if for each p G M n , the family of component matrices 
{T^"f*(\)\p) with respect to (x fe (A)) converges to the component matrix (T-^"f*(0)\ p ) with 
respect to (x k (0)) as A — > 0. This convergence is measured with respect to the norm 
induced on the corresponding space L p (s,t) of multilinear maps from (T p M n ) s x {T*M n ) t 
into R by the flat metric 5ij\ p in the given coordinates (x k (0)). 

Note that this convergence depends on the chosen local coordinates (x k (X)) because the 
coordinate transformations between two families of coordinates parametrized by A need 
not behave properly as A — > 0. The convergence does not, however, depend on the norm 
chosen on L p (s, t) as this space is finite dimensional and thus all norms on it are equivalent. 
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This definition can straightforwardly be extended to include pointwise convergence of 
families of connections parametrized by A G (0, e) as the difference of two connections is a 
tensor. 

Moreover, we say that T?*\"?*(\) converges uniformly to T^_'J*(0) with respect to (x fc (A)) 
as A — > if (x k (X)) converges uniformly to (x fc (0)) and if the family of component matrices 
(T-*"'i*(\)) converges uniformly to the component matrix (Z^ 1 '^'(0)) with respect to the 
norm induced on the corresponding tensor bundle on Q by the flat metric 5ij in the given 
coordinates (x k (0)). Again, this convergence does depend on the coordinates chosen. 

We now make the following definition of the Newtonian limit following [Lot88j but 
specifying the sense of convergence more precisely. 

Definition 6.3.1. Let T(X) := (L 4 , s af} (\), t af) (X), T^(A), T Q/3 (A), A) be a family of ma- 
thematical models of frame theory parametrized by A G (0, e) for some e > 0. We 
say that the family .F(A) has a pointwise Newtonian limit J-(0) : = (L 4 , s Q/3 (0), t a/3 (0) , 

r^(o),T^(o),o) if 

• J-"(0) is a mathematical model of FT. 

• The fields s a/3 (\), t a p(\), r^(A), T a/3 (A) converge to the corresponding fields of J-'(O) 
as A — > pointwise on L 4 , respectively. 

• The induced curvature endomorphisms Rm a/37 Al (A) converge pointwise on L 4 to the 
induced curvature endomorphism Rm Q( g 7 M (0) as A — > 0. 

If Q C L A is an open subset with uniformly convergent coordinates (x a (X)) — > (x a (0)) 
as A — )■ 0, then we say that J-'(X) has the uniform Newtonian limit J-"(0) on Q if (the 
restrictions to Q of) all these fields including the Riemannian curvature endomorphisms 
converge uniformly to the respective fields on Q as A — > 0. 

Remark. Pointwise and uniform Newtonian limits are clearly not the only possibilities. 
In fact, the preferred notion of convergence might actually depend on the context. If, for 
example, one wants to consider limits of asymptotically flat mathematical models, weighted 
Sobolev spaces with respect to particular asymptotically flat systems of coordinates (x Q (A)) 
can be more suitable. This approach is taken in many papers proving existence of families 
of mathematical models of FT having a Newtonian limit. 

For the purpose of this thesis, however, we will be content with the uniform Newtonian 
limit as uniform convergence helps to see the souls of our arguments. This is particularly 



true for the theorems on convergence of mass (Theorem 6.4.1 ) and center of mass (Theorem 



6.4.2) proved below. Note that although these are formulated by with uniform convergence, 
they can also be applied in a weighted Sobolev space setting whenever those spaces can be 
embedded into C°. Alternatively, it should be possible to reprove the theorems in different 
norms if required for applications but this would lead us to far, here. 

It might be surprising at first that the Newtonian limit is not defined for an individual 
relativistic system but for a whole family of relativistic spacetimes. This surprise might be 
due to the usage of the term "Newtonian limit" frequently encountered in the literature. It 
is however implicit in the popularizing notation c — > oo that whole families parametrized 
by c in some sense are or at least should be considered. As a matter of fact, constructing a 
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family that converges under the Newtonian limit and models a specific physical situation 
(or includes an individual given relativistic system) is by no means trivial. For example, 
the time intervals on which solutions to the 3 + 1-decomposed Einstein equations exist can 
shrink to zero length when the "scaling" with c is not carefully adjusted. It is therefore 
important to study existence of families of (physically relevant) relativistic systems having 
a Newtonian limit. We refer the interested reader to the overview article [OS09] and 
references cited therein for an introduction and an overview of results on existence of such 
families. 

But assigning a family which converges in the Newtonian limit not only is non-trivial. 
Neither is it unique. Besides the choice of family including a given relativistic system, 
this is due to the fact that the convergence is considered with respect to a given system of 
coordinates, e. g. asymptotically flat ones in the case of isolated systems. Waving our hands, 
we could say that this choice of coordinates actually specifies a way of "zooming in" to a 
particular region of the spacetimes considered. For example, even for the very simple case of 
the spherically symmetric static Schwarzschild metrics introduced on pp.[35]ff, it is possible 
to choose coordinates "zooming in" to a vacuum region outside the spherically symmetric 
star or black hole and thus obtain a completely empty Newtonian limit which contains no 
physical information whatsoever. This can e. g. be done by choosing coordinates (t,x*(A)) 
in the Schwarzschild spacetime with x t (X) = x l (0) + z l (X), where z l {\) is a family of 
"centers of mass" moving away suitably fast from the original center of mass and rotation. 

Another example for this non-uniqueness and its consequences for physical interpretation 
of the Newtonian limit is discussed by Jiff Bicak and David Kofrori [BK09J. They study 
accelerated particles and their Newtonian limits comparing an approach that "loses track 
of the particles" to one "riding on them" . 

We interpret this as saying that there is not something like a "physically most rea- 
sonable" Newtonian limit of a given relativistic system in general. To the contrary, the 
Newtonian limit "of a system" very much depends on choices made by those who study 
it, namely the choice of family including the given system and the choice of coordinates. 
Differently put, what one actually studies when examining the Newtonian limit "of a sy- 
stem" is the Newtonian limit of a specific way of looking at this system as a special case 
of a given family parametrized by A = c~ 2 and looked at in a given family of coordinates 
(x a (X)). Which family is adequate for studying the Newtonian limit of a given relativistic 
system thus depends on what aspects of the system one is actually interested in. 

Having this at the back of our minds, it seems natural to consider families J-"(A) only 
consisting of static isolated systems in FT in order to understand the Newtonian limit 
of geometrostatics. This means that we are restricting our attention to families of (frame 
theoretical versions of) geometrostatic systems and not taking into account families that 
include one such a system but become dynamical or non-isolated along the way. Sure 
enough, we would expect that such a family of geometrostatic systems converges to a 
static isolated Newtonian system in the Newtonian limit. We will prove this in Theorem 
16X21 

More concretely, we assume that the staticity fields X a (\) inducing staticity of J-"(A) 
have a uniform limit X a (0) as A — > which is a timelike vector field in ^(0). In addition, 
we assume that first covariant derivatives X a p(X) converge uniformly to X Q ^(0). Note that 
although this looks like a requirement on the interchange of limits, this is not exactly the 
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case as the covariant derivative indicated by the semicolon itself depends on the causality 
constant. 

It is then automatic that X a (0) is a hypersurface-orthogonal timelike Killing vector field 



because both the Killing equations in Definition 6.2.3 and the vanishing of the defect tensor 



(cf. Definition 6.2.6) are closecjj under pointwise and thus also under uniform convergence. 
In particular, these conditions only involve X a (X) and its first covariant derivatives and 
the tensors and connections given by .F(A). 

When we want to compare the asymptotic behavior of X a (X) and X a (0), it is necessary 
to fix asymptotically flat coordinates for all systems .F(A) and for J-"(0). So let us assume 
that there exists an open neighborhood of infinityf^l f2 C M 3 and asymptotically flat 
coordinates (x k (X)) for J r (A) and (x k (0)) for J-'(O) defined on all of Q such that the family 
of coordinates (x k (X)) converges uniformly to (x k (0)) on Q as A — > 0. Moreover, we assume 
that the coordinates (x k (0)) are Cartesian. Observe that this in particular implies the radii 
r(A) converge to the radius r(0) uniformly on Q as A — > 0. 

Now assume in addition that the fields X a (X) and X a /3 (X) converge to their counterparts 
X a (0) and X a /3 (0) uniformly on Q with respect to the asymptotically flat coordinates 
(^(A)) and (x k (0)). Recall from pp. 97T that because X a (0) is a hypersurface-orthogonal 



timelike Killing vector field for a system with A = 0, iV 2 (0) = (t a pX a X l3 )(§) is constant 
on M 3 . From this and uniform convergence on fl, we obtain tha t (t a /3X a X l3 )(0) = 1 on 



M 3 since iV 2 (A) = {t aP X a X^)(X) ->• 1 as r(A) ->• oo by Definition pJ2AA\ This shows that 
J-"(0) is indeed a static isolated system in FT with respect to X a (0). Moreover, the lapse 
functions N(X) must uniformly converge to iV(0) = 1. 

In the same spirit, closedness of the defining conditions 11^ = 8£ — X^X v T va N~ 2 and 
3 g ap = s af3 + \N~ 2 X a X^ gives us that 3 g ij (X) ->■ 5 ij = 3 g ij (0) and 3 g lj , k (X) ->■ = 3 g lj >fc (0) 
uniformly on Q as A — > 0. The desired counterpart 3 gij(X) — > 5ij = 3 gij(0) as A — > is 
not a direct consequence of the definition of 3 gij, though. This is due to the fact that 
the definition of ^ is indirect and explicitly depends on A. However, if we assume that 
3 9ijW ~^ Xij an d 3 gij,kW Xij,k uniformly on fl as A — > for some smooth symmetric 
tensor field Xtj on ^ then a direct computation shows Xij — $ij — 3 9ij (0) and thus Xij,k = 0. 
This justifies the following definition. 

Theorem and Definition 6.3.2 (Static Newtonian Limit). LetF^X) := (IRxM 3 , s a)3 (X), 
t a p{X), r^g(A), T a/3 (A), A) be a family of static isolated systems in frame theory parametri- 
zed by Xe (0, e] for some e > and let F(0) := (R x M 3 , s Q/3 (0), t aP (0), r^(0), T a/3 (0), 0) 
be a static isolated system of FT with global Cartesian coordinates (x k (0)). Assume that 
there exist global asymptotically flat systems of coordinates (x k (X)) for F(X) converging to 
(x k (0)) uniformly on M 3 as X — > 0. Let X a (X), X a (0) denote the staticity fields for ^(A), 
J-"(0) ; respectively. We say that ^(A) converges to ^(0) in the static Newtonian limit 
if there exist a smooth vector field £ a timelike in J-"(0) and a smooth tensor field Xij on 
M 3 such that 



X"p{X) 3 9ij,k Xij,k 

T e mean conditions parametrized by A which are in sc 
they are satisfied for all < A < e, they must also 1 
10 To be precise, we have to assume existence of such subsets in each of the ends of M 3 . 



9 By "closed conditions" we mean conditions parametrized by A which are in some sense continuous under 
the limit A — > 0, i. e. if they are satisfied for all < A < e, they must also be satisfied for A = 0, 
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uniformly on M 3 as A — » 0. We then have £ a = X a (0), Xij = % = ^(O) and Xij,k 
3 gij,k{0) = 0. Moreover, N(X), N ; k(X), 3 gij(X), 3 r^(A) and converge uniformly on M 3 
N(0) = 1, jV ;fc (0) = 0, 3 gij(0) = 5-j, and 3 rj(0) = 0, respectively. 



Remark. From now on, as in GR, we suppress the abstract index notation when referencing 
connections, covariant derivatives, and curvature tensors. For example, 3 rf ■ then denotes 
the 3-dimensional connection corresponding to the generalized 3-metric 3 gij. 

Proof. It is clear that £ a is a staticity field for .F(O) by our arguments printed above this 
definition. Similarly, we have seen above from asymptotic arguments that N(X) uniformly 
converges to N(0) = 1. By construction of the Cartesian coordinates and the 3 + 1 decom- 
position in the Newtonian case (cf. pp. |97p), .F(O) can only possess one staticity field (up 
to reversing the direction of time which we deliberately ignore in this chapter). This proves 
£ a = X a (0). Xij — $ij — 3 gij(fy follows directly from the characterization of 3 #y explained 



in Lemma 6.2.2. Xij,k = 3 gij,k follows from the same formula. N-k(X) — > N-k(0) = follows 
from differentiating the definition N 2 = t a pX a X 13 covariantly in direction k and using 
N(X) -> 1, X a (X) -> X a (0) as well as X° k (\) ->■ X^ k (0) uniformly on M 3 as A ->■ 0. □ 

Remarks. We have seen in Chapter [5] that staticity fields are unique in GR under suitable 



conditions on the time slice M 3 and its ADM-mass, cf. Corollary 5.3.6 The condition that 
X a (X) — » £ a uniformly as A — > thus does not seem particularly restrictive. 

The reason for our assumption that the coordinates (x h (X)) should be global lies in the 
coordinate dependence of the definition of uniform and pointwise convergence. We will 
see later that we actually only need uniform convergence in a neighborhood of infinity (in 
each end of M 3 ) to prove convergence of mass and center of mass (in that end). Note that 
the above definition applies to the situation of an individual end, in particular. 

We are now in the position to prove U(X) — > U(0) and U-k(X) —> U-k(0) as A — > for 



any family as in Definition 6.3.2. This will allow us to deduce m(J-(X)) — > mAr(J r (0)) and 



zn (J-'(X)) — > z(J-(0)) as A — > (in suggestive notation), cf. Section 6.4 



Theorem 6.3.3 (Convergence of U and 7^ ). LetJ z {X) be a family of static isolated systems 
in FT as in Definition 6. 3. ^ possessing a static Newtonian limit ^(O). Let X a (X), X a (0) 



be the staticity fields and let (x k (X)), (x fc (0)) be the global asymptotically flat coordinates 
referred to in that definition. Let moreover 7y(A) , 7y(0) and U(X), U(0) denote the respec- 
tive associated generalized pseudo-Newtonian metrics and potentials. Then U(X), U-i(X), 
7y(A), 7 ij (A) ; and 7 r^(A) converge uniformly to 17(0), U ;i (0), 7^(0) = S ij} 7 ij (0) = 5 ij , 
and 7 r^(0) = respectively. 

Remark. This theorem finally justifies the somewhat ad hoc definition of pseudo-Newtonian 
potential in Chapter [4] and in Definition 6.2. 14| above. 



Proof. Let us begin with the convergence of jij(X) and 7 y (A). We have already proven in 



and above Theorem 6.3.2 that ^(A) and its inverse V J (A) converge to 3 gij(0) and V 5 '(0) 
uniformly on M 3 as A — > 0, respectively. Moreover, we have seen that N(X) uniformly 
converges to N(0) = 1. Thus, by definition of 7^, 7y(A) must converge uniformly to 7^(0) 



and the same is true for their inverses 7* J (A) and 7*- 7 (0). Using Formula 6.9 and the fact 
that the frame theoretical connections r^(A) — > T^(0) converge uniformly on M 3 , we 
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obtain 

[d^Jle^U.j + X {25^l a 5^U, - 25^\J p) U, k 5t + 5^%U, pl ^ lkl )] (A) 

uniformly on M 3 as A — > 0. Comparing components and substituting e xu( - x ^ = N(X), 
this gives in particular U-j(X) — > U.j(0) uniformly on M 3 as A — > 0. Normalization by 
Z7 (A) — >• as r(A) — > oo and U(0) — > as r(0) — > oo together with uniform convergence of 
the coordinates gives U(X) — > U(0) uniformly on M 3 . This works as follows: Set u(X,p) := 
U(X)\ P — U(0)\ p for all A G (0,e) and all p G M 3 . Then by the mean value theorem of 
calculus, we find 

|-u(A,pi) -u(X,p 2 )\ < sup \d q u(X,q)\ 
for all pi,p2 G M 3 . With the help of the triangle inequality, this implies that 



sup |ii(A,p)| < sup \d q u(X, q)\ + lim \u(X, q)\ — > as A — > 0. 

p£M 3 qeM 3 r(A)|„^oo 



In other words, U(X) converges uniformly to U(0) on M 3 as A — > 0. 
By the rules for conformal transformation, we thus find 

7 rJ(A) = "v%{X) + x{u, l 5 k 3 +u,^-u, 1 l % ] ){X) 
-> 3 r^(o)+ o 
= 7 rJ(o) 



uniformly on M 3 as A — )■ again by Theorem 6.3.2 The explicit formulae for 7ij(0) 



etc. follow from Theorem 16.2.151 □ 

Before we go on to prove convergence of mass and its center under the Newtonian limit, 
we would like to mention that some of the above calculations have been performed in a 
similar manner but less rigorous on pp. 52ff in |Lot88j in the context of "time-orthogonal 
coordinates" . Asymptotic considerations, uniform convergence, and staticity have not been 
taken into account there. 



6.4 The Newtonian Limit of Mass and its Center 

This section is dedicated to proving two of the main theorems of this thesis, namely 
convergence of mass and center of mass under the static Newtonian limit. We begin by 
discussing the Newtonian limit of mass. 

The Newtonian Limit of Mass 

Let us quickly recall our considerations of the mass of a geometrostatic/pseudo-Newtonian 
system, adapting everything to the notation used in this chapter. If S = (E 3 , 3 gij,N, p, Sij) 
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is a geometrostatic end, then its ADM-mass is denoted by m^DM = ™>ADM( 3 gij)- From 



Theorem 4.2.3 , we know that this mass can be recovered by the quasi-local expression 

m ADM = m PA r(S) = j-^ I — da, 



s 



where U is the associated pseudo-Newtonian potential, v the outer unit normal and da 
the surface measure, both with respect to the pseudo-Newtonian metric 7^. S C E 3 is 
any smooth surface enclosing the support of the matter. 



When we derived this expression in Section |4.2[ we also gave an argument why the 
Newtonian mass rriN = itln{U) of a static isolated Newtonian system (E 3 ,U,p) can be 
read off from the equivalent quasi-local expression 

1 fdU 

mN = ^Gj d^ da - 

s 

This time, U is the Newtonian potential of the system while v and da are the outer unit 
normal and surface element induced by the Euclidean metric. As above, X C IR 3 is any 
smooth surface enclosing the support of the matter. 

Combining this in the frame of FT, we define the generalized pseudo-Newtonian mass 
of a static isolated end (R x E 3 } s a/3 , t aP , VL, T a/3 , A) in FT by 



with jy and U the induced generalized pseudo-Newtonian metric and potential, respec- 
tively. As above, 7 z/ and da 1 are the induced outer unit normal and surface element and 
E is any smooth surface enclosing the support of the matter. Now, we trivially have 
m PN ft{.1 1 U) = m N {U) for A = 0. mpuFrdi U) = nriADM(z~ 2XU l) for A > follows from 



Theorem 4.2.3 In particular, the frame theoretical (generalized) pseudo-Newtonian mass 
is well-defined and independent of the chosen surface enclosing the support of the matter. 
We now combine our results from Chapters |2j |3j |4| and [6] to prove the following theorem. 

Theorem 6.4.1 (Newtonian Limit of Mass Theorem). Let jF(X) := (R x E 3 ,s al3 (X), 
t a p(\), r^g(A), T a/3 (A), A) be a family of static isolated ends in frame theory parametrized 
by A G (0,e) for some e > and let ^(0) := (R x E 3 , s a/3 (0), t a/J (0), r^(0), T a/3 (0), 0) 
be a static isolated system of FT with global Cartesian coordinates (x k (0)). Assume that 
there exist global asymptotically flat systems of coordinates (x h (X)) for .F(A) converging 
to (x fc (0)) uniformly on M 3 as A — > 0. Let z gij(\), 7y(A), 7y(0) ; U(\), and U(Q) denote 
the physical and pseudo-Newtonian metrics and potentials of J-(X) andJ-(0), respectively. 
Then 

m ADM { 3 g{\)) = mp NFT (j(\),U(\)) -> m PNFT (j(0),U(0)) = m N (U(0)) 
as A -> 0. 
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Proof. The equation on the left hand side follows from Theorem 4.2.3 combined with 
the consistency statements in Proposition 6.1.2 and in Theorems 6.2.13 and 6.2.15| The 
equation on the right hand side follows from the divergence theorem argument explained 



above Theorem 4.2.3 as well as from the same consistency assertions. 

So let us now discuss the remaining Newtonian limit argument. Choose any smooth 
surface Sc£ 3 enclosing the support of the matter. By definition, we have 



m PNFT {l,U) 



AixG 



dU , 



By Theorem 6.3.3, we know that U(X) and 7y(A) converge uniformly to £7(0) and 7^(0) 
as A — > in the given coordinates and on all of M 3 . By definition of outer unit normal 
and surface element, uniform convergence of 7ij(A) to 7^(0) implies uniform convergence 
of 7 ^(A) and dcr 7 (A) to 7 ^(0) = s u and <icr 7 (0) = das, respectively. As S is compact and 
the convergence is uniform, we are done with the proof of this theorem (implicitly using a 
partition of unity argument to cater for da). □ 



The Newtonian Limit of the Center of Mass 

For our proof of convergence of the center of mass under the Newtonian limit, we would 
like to proceed just as in the proof of convergence of mass. However, there is a new 
difficulty, here, namely the fact that the center of mass is a vector and thus depends on 
the chosen system of asymptotically flat coordinates. We remind the reader that we have 
established the quasi-local formula for the center of mass in wave harmonic coordinates, 



only (or, equivalently, 7-harmonic coordinates by Lemma 3.1.3). This was due to the 
Green's formula trick we have used where we needed to force 1 Ax k = 0. We thus have to 
assume more specific coordinate conditions in the theorem corresponding to the Newtonian 
limit of mass theorem 16.4.11 

Moreover, recall that we made the additional assumption that the fall-off rate r should 
be strictly larger than one half when dealing with the center of mass. We needed this 
assumption in order to ensure equivalence of the different concepts of center of mass 
introduced in Chapter [2] 

With the same notation as in the above subsection, we recall that the pseudo-Newtonian 
center of mass of a geometrostatic end S = (E 3 , 3 gij, N, p, Sy) with non-vanishing ADM- 
mass m := rriADM^gij) was defined as 



dU k ^dx k 
AnGm \ I dv dv 



Zp N (Y*) := I / ^x k - U^- I da 



in wave harmonic asymptotically flat coordinates (x k ). As above, U and 7^ are the as- 
sociated pseudo-Newtonian potential and metric while u and da are the induced outer 
unit normal and surface element, respectively. E C E 3 is again a smooth surface enclosing 



the support of the matter. We have seen in Proposition 4.3.3 that the pseudo-Newtonian 
center of mass is independent of the specific surface. 
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We recall furthermore that Theorem 4.3.5 states that (under the assumptions descri- 



bed there or above) the well-known centers of mass introduced in Chapter |2j agree for 
geometrostatic systems. Moreover, they all coincide with the pseudo-Newtonian center of 
mass: 

z PN (E) = z A D M {e~ 2XU l) = z A (e- 2XU l,e xu ) = z CM c{e~ 2XU l) = zj^l)- 
In Section [4~3 we have seen that a similar statement is true for static isolated Newtonian 



systems (E 3 ,U,p). If the Newtonian mass m := m>N{U) does not vanish, the Newtonian 
center of mass can be calculated from the quasi-local formula 



au t 




where now v and da correspond to the Euclidean metric and (x ) are Cartesian coordinates. 
We have seen in Section 4.3| that this formula is independent of the specific surface enclosing 



the support of the matter. 

Unifying these definitions in frame theory, we define the generalized pseudo-Newtonian 
center of mass of a static isolated end (R x E 3 , s a/3 , t a/ 3, T^, T a/3 , A) in FT with non-zero 
mass m := m PNFT {pf 1 U) by 



-pnft 



(7, CO ■- 



AnGm 




with jij and U the induced generalized pseudo-Newtonian metric and potential, respec- 
tively. As above, 7 z/ and da^ are the induced outer unit normal and surface element and £ 
is any smooth surface enclosing the support of the matter. 

We have z PNFT {^, U) = z%{U) for A = by Green's formula. z PNFT (j, U) = ^ ^ (7 (e~ 2At/ 7) 



J ADM 



' e -2\u^ _ z k^ e -2\u^ _ z ^ e -2\u^^ e xu^ f or A > follows from Theorem |4.3.5| In 



particular, the frame theoretical (generalized) pseudo-Newtonian center of mass is well- 
defined and independent of the chosen surface enclosing the support of the matter. 
We can now formulate and prove the final theorem of this thesis. 

Theorem 6.4.2 (Newtonian Limit of Center of Mass Theorem). Let 6 N, fc > 3, r > 1/2 

such that -t is non- exceptional. Let := (R x E 3 ,s a(3 (X), t a p(X), T^(A), T a/3 (A), A) 
be a family of (k,r) -static isolated ends in frame theory parametrized by A G (0, e) for 
some e > and let .F(O) := (R x E 3 , s a/3 (0), t afj (0), 1^(0), T a/3 (0), 0) be a (k,r)-static 
isolated system of FT with global Cartesian coordinates (x k (0)). Assume that there exist 
global wave harmonic (k,r)- asymptotically flat systems of coordinates (x k (X)) for .F(A) 
converging to (x fc (0)) uniformly on M 3 as A — > 0. Let 3 gij{\), N(\), 7y(A), Jij(0), U(X), 
and U(0) denote the physical and pseudo-Newtonian metrics and potentials of .F(A) and 
J-"(0), respectively. Finally, assume that mpNFr('y(X),U(X)) and mpNFT(l(0),U(0)) are 
non-vanishing. Then 

z ADM ( 3 g(X)) = z A ( 3 g(X),N(X)) = z CMC ( 3 g(X)) = ^(X)) = zp NFT (j(X),U(>)) 

->• z PNFT (i(0),U(0)) = z N (U(0)) e R 3 

as X — > 0. 
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Proof. The equations on the left hand side follow from Theorem 4.3.5 combined with the 



consistency statements in 6.1.2 6.2.13, and 6.2.15 The equation on the right hand side 



follows from the Green's formula argument explained before Theorem 4.3.5 as well as from 
the same consistency statements. 

The interesting part is Newtonian limit claim. To prove this claim, choose any smooth 
surface Ec£ 3 enclosing the support of the matter. By definition, we have 



J PNFT 



(7, CO 



1 



dU_ 

\/iGii>i>\ i- r (~ n U) (7 <9v 



X 



U 



dx k 



as all involved coordinates are wave harmonic and asymptotically flat. We proceed as in 



the proof of the Newtonian limit of mass theorem 6.4.1 There are four "new" steps here: 
The first one is to observe that the coordinate functions x k {\) uniformly converge to x k (0) 
by assumption. Secondly, the expression dx k jd^v can be reformulated to give 

X -(A)=V(A)^V(0) = ^-(0) 



dnv 



uniformly on M 3 as A — > by uniform convergence of 7y. From Theorem 6.3.3, we know 
directly that U (A) converges uniformly to U (0) on M 3 and the only remaining step is to 



quote Theorem 6.4.1 to ensure convergence of mpjvFT(7(A), U{Xj) — > mpNFT('y(0),U(0)) 



as A — > 0. Now conclude as in Theorem 6.4.1 that compactness of £ and uniformity of the 
convergence ensure the desired convergence. □ 
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"Si enim fallor, sum. Nam qui non est, utique 
nec falli potest." 

Selbst wenn ich mich tausche, bin ich. Denn wer nicht 

ist, kann sich auch nicht tauschen. 
Aurelius Augustinus (354-430), Vom Gottesstaat 11,26 
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